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ABSTRACT 

One hundred and fifty-two orbits of three synchronous communications satellites have been 
analyzed for sensitivity to earth longitude gravity components through third order which a re  in 
resonance with them. Eighty-seven orbits are of Syncom 2 with inclination between 32" and 33" 
and distributed (but not uniformly) in mean geographic longitude between 66" and 305". Nineteen 
orbits, distributed with fair uniformity between 173" and 180°, are of the nearly geostationary 
Syncom 3. Forty-six orbits are of the nearly geostationary Early Bird satellite between 330" and 
332"longitude. These orbits were calculated without consideration of resonant gravitational effects. 

The orbit data was reduced to give a set of essentially nine well determined long term longi­
tude accelerations for these satellites between 66" and 332". From this reduced acceleration 
record, after extensive testing, four earth longitude gravity harmonics of second and third order 
appear to be well discriminated. These harmonics with their standard errors,  for which adjust­
ments for sun and moon effects and the probable influence of neglected higher order earth gravity 
have been made, a r e  

J,, = -(1.816 f 0.020)~10-~(This corresponds to a difference in major and minor axes of the 
earth's elliptical equator of 69.4 f 0.8 meters.) 

A,, = -(15.4 f 0.3)" 
J J 3  = -(0.171 * 0 .017)~10-~  
A,, = (24.9 f 3.3)". 

In addition to these harmonics, a third pair (J, ,, A, ,) was poorly discriminated from the limited 
acceleration record. The data shows tentatively that 

A,, = -(168 f 26)". 

Tests of the satellite data were also made to t ry  and reveal the influence of resonant fourth order 
earth gravity. These tests were inconclusive. 

The above results show that an equatorial 24-hour satellite can be in uncontrolled long term 
east-west equilibrium at only the following four longitude locations: 

A ,  = 76.7 f 0.8" (dynamically stable east-west equilibrium) 

A, = 161.8 f 0.7" (statically stable east-west equilibrium) 

A, = -108.1 rt 1.0" (dynamically stable east-west equilibrium) 

A, = -12.2 f 0.7" (statically stable east-west equilibrium). 


According to the analysis of 24-hour satellite drift thus far, the maximum longitude acceleration 
due to earth gravity which could be experienced by the nearly geostationary satellite is 

= -(1.83 ? 0.05)~10-~degrees/day2 


at about 118" east of Greenwich. To correct continuously for this east-west acceleration would 
require, conservatively, a velocity increment of AV = 6.38 ft/sec/year. 
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THE EARTH'S LONGITUDE GRAVITY FIELD AS SENSED 
BY THE DRIFT OF THREE SYNCHRONOUS SATELLITES 

by 
C. A. Wagner 

Goddard Space Flight Center 

INTRODUCTION 

This report summarizes the results of a two year investigation of the "resonant" earth gravity 
drift of the world's first three operational synchronous satellites. Previous reports (References 
1 through 6) in this series have dealt with the accelerated drift theory for 24-hour satellites and its 
applications to the reduction of range and range rate,orbit data returned from Syncom 2 during its 
"free" gravity drift over Brazil and the Pacific Ocean. 

The specific objective of this summary report is to determine those longitude dependent com­
ponents of the earth's gravity field which can be fairly said to explain the longitude acceleration 
record of these satellites (Syncom 2 [1963 3 1 4 ,  Syncom 3 [1964 47A], and Early Bird [1965 284) 
from August 1963 to June 1965. The previous investigations by the author cited above and earlier 
pioneer theoretical studies such as References 7, 8, 9, and 10 have established beyond reasonable 
doubt now that the principal long term longitude disturbance on the 24-hour satellite arises from 
second order earth longitude gravity, associated with the ellipticity of the earth's Equator. The 
studies in References 1, 4, 5, and 6 indicated that earth longitude gravity effects of higher than 
second order on the 24-hour satellite a r e  at maximum, about an order of magnitude less than the 
maximum second order effect. Frick and Garber (Reference 9)  and the author in the present re­
port and in the simulation studies of References 3,5,  and 6 have shown the long term sun and moon 
gravity effects on the near circular orbit synchronous satellite to be about two orders of magnitude 
less than the maximum second tesseral effect for periods of record in excess of about two months. 

Experiment Plan and Error Sources 

The basic orbit data of this gravity determining experiment a re  ascending Equator crossings, 
orbit vectors and subsatellite points which were reported by the Tracking and Data Systems Direc­
torate of GSFC and the Communications Satellite Corporation without consideration of longitude grav­
ity. Generally, the experiment plan and e r ro r  control aspects follow that for the early Syncom 2 drift 
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analyses implicit in References 3, 5, and 6. This plan is designed to insure as accurate a result as 
possible with the limited orbit data available. 

The gravity experiment is carried out in two stages. In the first stage the basic orbit data is 
reduced by an appropriate model, and long term (periods greater than a day) longitude accelerations 
of the satellites are derived. These are called the "measured" accelerations. In this gravity ex­
periment one hundred and fifty-two independently determined orbits of Syncom 2 and 3 and Early 
Bird have been reduced to give essentially nine well determined long term longitude accelerations 
for these satellites. These reduced accelerations are the basic, measured data for the second 
stage of the experiment. The second stage tests these reduced accelerations for sensitivity to the 
earth's longitude gravity which is assumed to be responsible for them. In the second stage of the 
experiment, then, we have a set  of "actual" data which consists of measured longitude accelerations 
(long term) due to the following,causes: 

1. Physical agencies 

a. True earth longitude gravity 

b. Sun, moon, planetary and earth zonal gravity 

c. 	Other assumed (or proven) negligibly small physical agencies 
(nongravitational) such as: 

(1) micrometeorite drag or  impact 

(2) random or systematic outgassing from the satellite control jets 

(3) solar wind and radiation pressure 

(4) magnetic field interactions. 


2. 	 First stage experiment-induced accelerations (errors). Compared to accelerations 
from true earth longitude gravity, presumably small e r rors  in "measured" accelerations 
will be due to e r rors  in 

a. the basic data (orbit determination) from which the accelerations were deduced 

b. 	 the model used to derive the "measured" accelerations from the basic orbit data 
(first stage model error)  

In the second stage of the experiment two er ror  sources are separated. The "basic data error'! 
(in the "measured" accelerations) is considered to be the sum of all the acceleration producing 
sources in the measured data except true earth longitude gravity. The "model error" in the second 
stage is considered to be due entirely to the necessarily limited earth model which can be assumed 
to explain the limited number of measurements in the experiment. 

Error Control 

First Experiment Stage (Acceleration Analysis) 

The aim of this stage of the experiment is to obtain long term satellite accelerations as 
"basic data'' which a re  as free from nonearth longitude gravity effects as possible. A number of 
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nongravitational disturbances on the satellite have been computed theoretically and shown to be  
negligibly small in this experiment (Appendix E). The others a re  assumed to be negligibly small 
also (Reference 3). 

In one or two instances basic orbit data has been used at the beginning or  end of a long free 
gravity drift arc which is known to have been disturbed by commanded control gas jet pulsing. In 
these instances it is evident by inspection that the use of this data does not significantly disturb 
the previous or following free drift record. This "overlap" data, when used, reduces significantly 
the standard experiment e r ror  over the limited record of that drift arc. 

In order to keep the long term sun and moon (principally moon) disturbances almost negligibly 
small, it was  found that f ree  drift a rc  lengths of about two months or more were required. It also 
turned out that this was the length of the typical Syncom drift period between orbit corrections. It was 
also generally necessary to consider a time period of at least two months to obtain reasonably small 
standard e r rors  for the "measured" Syncom accelerations. Thus, the length of time and record 
were the major means of e r ror  control in the first stage (acceleration analysis) of the experiment. 

The model e r ror  in the acceleration analysis stage was also under somewhat independent 
control. The chief consideration for model e r ror  control was  the mean drift rate. In those a rcs  
(arcs 1, 2, 6, 7, 8, and 9) where the mean drift rate was rt0.l degree/day or  less, the geographic 
longitude excursion was limited to less than 10". It was found that with this "slow drift'' regime 
a simple polynomial of third degree in the time could adequately describe the longitude drift of 
the ascending Equator crossing (Appendix D and Reference 3). In those a rcs  (arcs 3, 4, and 5) 
where the mean drift rate was greater than *O.l degree/day ("fast drift" regime) it was found that 
a simple three parameter function of the longitude of the ascending Equator crossing of the satellite 
could adequately describe (for a reasonable arc  length) the change of the drift rate of these crossings. 
This was in accord with the use of the energy integral of the gravity drift of the 24-hour satellite in 
a simple second order field (see Equation 8 and Reference 2). For arc  lengths of up to about 50°, 
the three parameter (second order) model appeared theoretically adequate to reproduce true 
gravity accelerations within a reasonably small standard experimental error  which includes sun 
and moon "gravity noise". However, even for somewhat longer arc lengths, simulations show that 
the simple three parameter velocity model still gives sufficiently good results to be utilized without 
adjustment (Table 11). This fact depends on the evident overbearing strength of the second order 
gravity field compared to higher orders. Nevertheless "velocity arcs" of as short a length as 
possible (to give reasonable standard errors)  were chosen to provide a longitude-acceleration 
survey of as great an extent as possible. This was  necessitated, finally, by the method of accelera­
tion analysis. In order to keep the model prejudice in the measurement of the acceleration to as 
low a level as possible and also to utilize only the best determined statistic in each arc, only a 
singre acceleration near the center of each arc was finally chosen to represent the mean accelera­
tion for that arc. This being the case, it was found that only by breaking up a long drift arc  such 
as arc  5 into smaller, approximately 50" subarcs, could a reasonably extensive, precise and 
unprejudiced longitude survey be made with the data at hand. 
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Second Experiment Stage (Earth Gravity Synthesis) 

Error  control in this stage was primarily directed toward the refinement of the earth model 
which reflects the acceleration data. For additional e r r o r  control, however, experiments with 
some adjustment of the acceleration data itself for sun, moon and first stage model errors  on the 
basis of simulated 24-hour trajectories have also been made. In addition, various data weighting 
schemes and random acceleration choices based on the standard acceleration errors  in the drift 
arcs have been tried as error  control methods in arriving at a final reasonable earth gravity 
synthesis as seen by the data. At each stage of the experiment the experimental e r ro r  was checked 
or verified externally by simulations of 24-hour satellite drift in a sun, moon, and/or full earth 
field, numerically calculated, with trajectory conditions close to those actually experienced in the 
various arcs. 

We now proceed with the first experiment stage and analyze the 24-hour orbit data reported 
by GSFC and Comsat for what it reveals in terms of long term accelerations according to the 
"resonant gravity" models for slow and fast drift regimes previously discussed. 

1. 	 REDUCTION OF THE BASIC ORBIT DATA IN NINE 24-HOUR SATELLITE FREE 
DRIFT ARCS FOR LONG TERM LONGITUDE ACCELERATIONS 

Arc 1, Syncom 2,  18 August 1963 - 18 November 1963 

Syncom 2, the world's first operating synchronous communications satellite, was launched into 
orbit in late July 1963 and reached station over Brazil in mid-August 1963. The orbit inclination 
was close to 33" and the ascending Equator crossing was near 55" W moving at less than 0.1 degree/ 
day eastward after the last corrective thrust was applied going into free drift arc 1, on 18 August 
1963. From this date to 28 November 1963, the "figure of 8" ground track of Syncom 2 drifted 
freely without orbit correction from 55" W to 59" W when on-board jet pulsing was applied to 
virtually stop the westward movement of the track. The details of this accelerated free gravity 
drift are presented in Table 1 and Figure 1. 

The acceleration of the ascending Equator crossing in arc 1 was determined from a fit of the 
orbit data according to the third order polynomial, 

L = al  + a 2 t  + a3 t Z  + a4 t 3  , (1) 

which is shown to apply for slow drift regimes in Appendix D and in the simulations in Tables lS, 
lS/l,  etc. The longitude, L, is the ascending Equator crossing east of an arbitrary base longitude, 
which, for computational accuracy, is preferably near the center of the drift arc. The time, t ,  is 
an arbitrary base time which is also preferably located near the center of the arc for computa­
tional accuracy. 
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It is possible to evaluate semi-empirically the e r ror  due to sun and moon gravity and model 
bias implicit in calculating the satellite accelerations due to the earth's longitude gravity in this 
slow drift arc according to Equation 1. In the second stage of the experiment (gravity synthesis) 
we will assume long term 24-hour satellite resonant earth gravity acceleration is derivable from 
the harmonic expansion through fourth order, 

rad 
= -l%* 2 Fnms i n  m ( A - A n m )  F ( i ) n m ,  (sid.  da$ 

n=2 m = l  

for n-m, even 

where 

See Equation 65 in Reference 2 for the derivation of Equation 2 above. 

The symbol A represents the longitude location of the ascending Equator crossing (or mean 
daily longitude location) for the 24-hour satellite of reasonably small eccentricity and drift rate 
(Reference 2). The symbols as  and i s  a re  the "synchronous" semimajor axis (in earth radii) and 
inclination of the satellite's orbit. The significance of the gravity constants J ~ ~ ,hnm is contained in 
Appendix B and explained in further detail in References 2 and 11. In evaluating the first stage 
model error  we calculate numerically, particle trajectories closely parallel to the actual one in 
free drift, including as many relevant perturbation effects as desired. (In References 3, 5 ,  and 6 
these simulated trajectories clearly show the necessity of considering earth longitude gravity in 
the long term orbit determination for the 24-hour satellite.) Then, a direct comparison of the 
longitude acceleration measured in the simulated trajectory with the theoretical 24-hour satellite 
resonant gravity acceleration as given by Equation 2 gives an estimate of the bias e r ror  from the 
effects neglected in the real trajectory analysis. These e r rors  include sun and moon gravity ac­
celerations and model e r ror  implicit in the limited accuracy of the longitude Equation 1. 

Ideally, this numerical approach to assessing nonresonant gravity effects should involve an 
attempt to duplicate as closely as possible the real trajectory. This is to avoid the criticism that 
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the nonresonant effects in the simulated trajectory may not be exactly or  even nearly the same as 
in the actual trajectory. (Compare, for example, the two trajectory results in Table 4s.) It can 
be appreciated that the full process of such duplication, or closest duplication (in a least squares 
sense, for example), must involve adjustment of at least the six initial trajectory parameters, as 
well as the earth longitude gravity constants, the earth radius, and the principal gravity constant.! 
Such an analysis is considerably beyond the scope of this one. Still, extensive experience with a 
more limited numerical approach to this problem appears to show that such bias e r rors  can be 
fair ly  accurately determined without precise duplication, at least under a reasonably wide range 
of longitude gravity constants. 

In this approach only the semimajor axis of the actual 24-hour orbit at the beginning of each 
arc  was adjusted so that, together with a fixed nominal second order longitude gravity field, the 
simulated trajectory gives close longitude-time congruence with the actual. Data and results 
from such trajectories a re  found in Tables lS, 2S, 4S, etc. The second order earth longitude field 
was specified as Jzz = -1 .68~10-~ ,A,, = -18.0" in conformance with the 24-hour gravity results of 
Reference 3. At a later stage in the analysis, a more accurate set  of longitude gravity harmonics 
through third order was derived. Simulated trajectories utilizing this set  with the same initial 
elements as before were calculated and analyzed. Data and results from these trajectories a re  
found in Tables lS/l,  2S/1, 4S/1, etc. Except for a r c  4s versus 4S/1, the bias results of these' 
two parallel simulated trajectories a re  consistent. The principal conclusion from the study of 
the simulated trajectories (not all of which a re  reported here) is that when arc  lengths in excess 
of two months a re  considered, the cumulative model bias acceleration e r rors  are  within *b .03~10-~  
radians/sid. day', RMS (see Table 11). In Section 2 the net gravity effect of these model bias e r rors  
in each acceleration measurement is shown to be small. In fact, there is evidence that the actual 
data analyzed without bias adjustment gives longitude gravity with greater precision than with such 
adjustment. The implication is that over the limited acceleration record of the experiment the bias 
e r ror  acts to cancel more often than not the random observation e r ro r  attributable to the imprecise 
orbit determination. 

The principal results of the acceleration analysis on the actual data in Table 1 and the simu­
lated data in Tables 1s and 1S/1 a re  listed in Tables 10 and 11 in the next section. 

Arc 2, Syncom 2, 28 November 1963 - .18 March 1964 

On 28 November 1963, on-board jets were fired to virtually stop the westward drift of Syncom 
2 which had built up over the previous three months due to earth longitude gravity. From 28 No­
vember 1963 to 18 March 1964 Syncom 2 was allowed to drift freely about 8" in mean longitude 
from 59" W to 67"W under the westward accelerating influence of earth longitude gravity. The 
orbit inclination during this time was about 32.8". The details of this drift a re  presented in Table 
2 and Figure 2. The length of the drift record in this arc  should be long enough to extract 
two well defined acceleration values by considering a t4  f i t  (see Appendix D). Unfortunately 
the orbit determination e r rors  in this arc appear to be too great to allow this finer discrimination. 
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Table 1 

Syncom 2Osculating Elements at  the First Ascending Equator Crossing Past the Tracking Epoch and Related Data for Free Drift Arc l*. 

tieographic 0Longitude 
-. . of First Longitude of 
Kl@t Ascending Time from Ascending 

Orbit Tracking Epoch** Semimajor Axis, Inclination, Ascension Argument Mean Time from Equator January Equator
Number (yr-mo-day-hr-min, a i Of the Eccentricity of Perigee Anomaly January 0.0, 1963 c:;2:g 276.5057, 1963, Crossing 

1- UT) (earth radii) (degrees) Ascending (degrees) (degrees) (days) Tracking t East ofNode 
(degrees) Epoch, (days) 56.5170, 

A 1~ 

(degrees) (degrees) . 
6.6105587 33.120 -55.004 -46.3755 1.513 
6.6105498 33.081 -54.893 -41.3898 1.624 
6.6105779 33.091 -54.847 -37.4010 1.670 
6.6107824 33.062 -54.803 -33.4120 1.714 
6.6105663 33.082 -54.792 -29.4233 1.725 
6.6110747 33.064 -54.753 -28.4261 1.764 
6.6107958 33.048 -54.774 -24.4372 1.743 
6.6110077 33.078 -54.812 -20.4482 1.705 
6.6108515 33.040 -54.862 -15.4619 1.655 
6.6109260 33.009 -54.932 -12.4701 1.585 
6.6111697 33.031 -55.037 - 5.4892 1.480 
6.6107666 33.023 -55.142 - 1.5001 1.375 
6.6114380 33.013 -55.519 5.4815 .998 
6.6113174 32.979 -55.740 11.4658 .777 
6.6116625 32.994 -43.411 .00029 , -23.336 23.325 295.9503 -56.171 19.4446 
6.6113312 32.946 -43.449 .00024 - 9.384 9.380 303.9297 -56.658 27.4240 - .141 

17 63-11-6.0 6.6119680 32.952 -43.683 .00031 15.139 -15.130 310.9116 -57.253 34.4059 - .736 
6.6117819 , 32.919 -43.703 .00030 25.807 -25.792 316.8964 -57.713 40.3907 -1.196 

63-11-18-13.0 6.6120265 32.925 -43.877 .00019 15.413 -15.409 322.8813 -58.280 46.3754 -1.763tAverage: Average: 
6.611113=a 33.024= i  

'One earth radius = 6378.388 km; the earth gravity constant used in the trajectory program, ,ue=3.986267 x 10' km3/secz 

The osculating elements and the equator crossing data were derived from the satellite vectors reported by the Tracking and Data Systems Directorate of NASA-GSFC in Table Al .  
The trajectory generator, called "ITEM" (Interplanetary Trajectory by an Encke Method) a t  GSFC, for this derivation used the same earth, moon, and sun model as the original 

orbit (vector) determination program (see Table Al). 
"The tracking epoch refers to the epoch of the satellite vectors reported in Table A l .  

Results of least squares fit of data in @ and @) above according to the t h e a y  of Equation 1: 
L = a1 + a z t +  a 3 t 2 t  a4 t3  

a1 = 1.2720 lt1.032 x 10" degrees 

a2 = -(3.4899 f0.0589) x lo-* degrees/sol. day 

a3 = -(6.4947 k0.0938) x degrees/sol. day' 

a, = -(1.765 f3.795) x lo-' degrees/sol. day3 
Standard error of estimate = 0.02825 

(with minimum standard error) = -(2.253 f0.0325) x lo-' rad/sid. day', a t  t = -0.674 days, L = 1.296', A = -55.22', on January 275.832, 1963. See Figure 1. 



0 
Geographic 0 Lon@tude 

Right 
I 

Longitude Time from Of the 

~ ~ 

i 

1 63-8-18-1.5 6.6106431 33.120 -42.358 .00023 37.945 -37.930 230.1302 
2 63-8-22-6-12.14 6.6105732 33.102 -42.4 23 .00024 53.526 -53.505 235.1161 

, 3 63-8-26-17.0 6.6105273 33.095 -42.488 .00019 57.150 -57.131 239.1047 
I 4 63-8-31.0 6.6107816 33.091 -42.539 .00017 44.072 -44.063 243.0935 

5 63-9-3-13-23.0 6.6108968 33.077 -42.585 .00021 48.646 -48.63 2 247.0824 
6 63-9-5.0 6.6108259 33.072 -42.601 .00020 54.853 -54.836 248.0796 
7 63-9-9.0 6.6106796 33.061 -42.673 .00014 61.617 -61.604 252.0685 
8 63-9-12-2.0 6.6109677 $3.058 -42.729 .00020 38.963 -38.952 256.0 575 
9 63-9-17-2.0 6.6110100 33.040 -42.793 .00026 52.421 -52.402 261.0438 

10 63-9-20-2.0 6.6109082 33.031 -42.844 .00023 59.346 -59.327 264.0356 
11 63-9-27-2.0 6.6111994 33.024 -42.949 .00018 46.804 -46.79 1 271.0166 
12 63-10-1-2.0 6.6112339 33.009 -43.002 .00021 55.489 -55.469 275.0058 
13 63-10-8-2.0 6.6112347 32.996 -43.128 .00016 44.518 -44.505 281.9870 
14 63-10-14-2.0 6.6113821 32.980 -43.208 .00025 53.893 -53.871 287.9712 
15 63-10-22-2.0 6.6113844 32.970 -43.346 .00017 58.412 -58.401 295.9501 
16 63-10-30.0 6.6114845 32.952 -43.461 .00019 67.886 -67.871 303.9293 
17 63-11-6.0 6.6117444 32.947 -43.581 .00020 42.270 -42.258 310.9113 
18 63-11-12-5.0 6.611'7173 32.932 -43.668 .00023 58.345 -58.325 316.8960 
19 63-11-18-13.0 6A117764 32.930 -43.770 .00017 57.820 -57.803 322.8809 

6.611104 = a  33.026 =is  
I 

'Computed by ITEM with gravity constants the same a s  in Table A 1  with the addition of earth constants, J 2 2  = -1.68 x X 2 2  = -18'. 
Results of least squares fit of data in 0 and @ above according to the theory of Equation 1: 

L = a l  + a2t + a3t2 + a4t3 
a = (1.3885 f 0.00152) degrees 
a = -(3.289 f 0.00866) x degrees/day 

a 3  = -(6.451 i0.0138) x 10-4degrees/day2 
a., = 47.564 f 5.577) x 10.' degrees/day3 

Standard error of estimate = 0.004151 degree 

i(measured) = -(2.2389 +0.0048) x rad/sid. dayz, for t = -0.674 day, L = 1.4104O. h = -55.127' 
i(theoretica1, from Equation 2) = -(2.2211) x rad/sid. day2, faras = 6.611104 earth radii, is= 33.026O, X = -55.127'. J 2 2  = -1.68 x 

-55.006 -46.3754 1.531 
-54.888 -41.3895 1.649 
-54.814 -37.4009 1.723 
-54.765 -33.4121 1.772 
-54.736 -29.4232 1.801 
-54.731 -28.4260 1.806 
-54.724 -24.4371 1.813 
-54.750 -20.4481 1.787 
-54.801 -15.4618 1.736 
-54.840 -12.4700 1.697 
-54.986 - 5.4890 1.551 
-55.098 - 1.4998 1.439 
-55.348 5.4814 1.189 
-55.616 11.4656 .921 
-56.029 19.4445 .508 
-56.530 27.4237 .007 
-57.051 34.4057 - .514 
-57.537 40.3904 -1.000 
-58.067 46.3753 -1.530 

A,,= ~ 8 . 0 ~ .  

Estimate of measured bias due to sun-moon perturbations and JZ2 model error (exclusive of higher order longitude gravity effects ) in Aar t = -0.674 day in Syncom 2 arc 1 on 

January 275.832, 1963: Bias = theoretical - measured 
= -(2.2211) x + 2.2389 x = + (0.0178) x rad/sid. day2. 



Table 1S/1 

Ascending Equator Crossing Data from a Simulated Syncom 2 Trajectory for Free Drive Arc 1 
Computed by ITEM with Earth Longitude Gravity through Third Order.* 

-w 
Geographic Longitude 0 Longitude of the 

Orbit Tracking Epoch Semimajor Axis, Inclination, Time from of the Ascending Time from Ascending Equator
Number 

(yr-mo-day-hr-min UT) (earth 
a 
radii) 

1 1963.0 E~~~~~~c
A 

~ January 276.5055,1963,~ Crossing East~of ~ ,~ ~ ~ 1s/1- (degrees) (days) t -56.395', 
(degrees) (days) 1 

(degrees) 
1 63-8-18-1.5 6.6106432 33.120 230.1302 -55.006 -46.3753 1.389 
2 63-8-22-6-12.14 6.6 105732 33.102 235.1161 -54.888 -41.3894 1.507 
3 63-8-26-17.0 6.6 105276 33.095 239.1048 -54.814 -37.4007 1.581 
4 63-8-31.0 6.6107816 33.091 243.0936 -54.765 -33.4119 1.630 
5 63-9-3-13-23.0 6.6108969 33.077 247.0824 -54.736 -29.4231 1.659 
6 63-9-5.0 6.6108260 33.072 248.0796 -54.731 -28.4259 1.664 
7 63-9-9.0 6.6106800 33.061 252.0685 -54.725 -24.4370 1.6 70 
8 63-9-12-2.0 6.6109680 33.058 256.0575 -54.751 -20.4480 1.644 
9 63-9-17-2.0 6.61 10104 33.040 261.0438 -54.802 -15.4617 1.593 

10 63-9-20-2.0 6.6109087 33.031 264.0356 -54.842 -12.4699 1.553 
11 63-9-27-2.0 6.6112000 33.024 271.0166 -54.988 - 5.4889 1.407 
12 63-10-1-2.0 6.6112345 33.009 275.0058 -55.100 - 1.4997 1.295 
13 63-10-8-2.0 6.6112351 32.996 281.9871 -55.351 5.4816 1.044 
14 63-10-14-2.0 6.6113824 32.980 287.9712 -55.619 11.4657 .776 
15 63-10-22-2.0 6.6113836 32.970 295.9501 -56.032 19.4446 .363 
16 63-10-30.0 6.6114827 32.951 303.9293 -56.532 27.4238 - .137 
17 
18 

63-11-6.0 
63-11-12-5.0 I 

6.6117414 
6.6117129 

32.947 
32.932 

310.9113 
316.8960 

-57.052 
-57.536 

34.4058 
40.3905 

- .657 
-1.141 

19 63-11-18-13.0 322.8808 -58.064 46.3753 -1.669 
Average : Average: 
6.6111 = as 33.026 =is 

(see Figure 1) I 1 
*Gravity constanrs of this trajectory are the same a s  those in Table A 1  with the addition of the earth constants: 

J2,= -1.8 x A,, = -15.35' J,, = -0.16 x A,, = -24' J,, = -1.5 x = 00, 

(see Figure B1 f a  the significance of the constants). 

The initial elements of this trajectory, aside from those listed for orhit lS/l-l, are the same as those in orbit IS-1 (Table is). 

Results of least squares fit of data in 0 and @above according to the theory of Equation 1 (for arc lS/l): 


L =ai+a , t+a3t2+a , t3  
a l  = (1.2439 t0.00151) degrees 
a2 = -(3.2953 f 0.00864) x lo-' degrees/day 
a, = -(6.4319 f 0.0138) x degrees/day2 
a 4  = -(2.94 i5.57) x degrees/day3 

Standard error of estimate = 0.00414 degree 

A(measured, with minimum standard error) = -2.2328 x rad/sid. day2, at A = -55.13' on t ' = 275.8316' January 1963. 

A(theoretica1, from Equation 2) = -2.2185 x lo-' rad/sid. day2, for a* = 6.611 earth radii, is = 33.026', A = -55.13', J,, - JJi a s  noted. 


(D Estimate of acceleration bias at  A = -55.13' in arc 1S/1 = A(theoretica1) - i(measured) = + 0.0143 x rad/sid. day'. 
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FROM ACTUAL SYNCOM 2 ORBITS AS REPORTED BY GSFC 
TRACKING AND DATA SYSTEMS DIRECTORATE (SEE TABLE 1) 

0 DATA FROM A SIMULATED SYNCOM 2 TRAJECTORY COMPUTED 
58 	 NUMERICALLY FROM INITIAL ELEMENTS OF ORBIT 1s- 1 

(TABLE 1 S), WITH GRAVITY AND RELATED CONSTANTS AS 
IN TABLE Al, WITH THE ADDlTlON OF THE EARTH LONGITUDE 
GRAVITY CONSTANTS: 

. . e .  

0 
0

8 

6.6101 I 1 1 1 I I I I I I 
230 240 250 260 270 280 290 300 310 320 330 

(1963) (1964) 
TIME FROM 1963.0 (days) 

Figure ]-Measured and simulated orbit data at ascending Equator crossings in free drift arc 1 (Syncom 2). 

The principal results of the acceleration analysis on the actual data in Table 2 and the simu­
lated data in Tables 2s and 2S/1 are  listed in Tables 10 and 11 at the end of the next section. 

Arc 3, Syncom 2, 18 March 1964 - 25 April 1964 

On 18 March 1964 the westward drift of Syncom 2 was speeded to 1.3 degrees/day by on-board 
gas jet pulsing. Between 18 March and 25 April, Syncom 2 drifted rapidly (in a "fast  drift" regime) 
from 67"W to 116"W. The orbit inclination during this period was about 32.7". 
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Table 2 

Syncom 2 ecula t ing  Elements at the First Ascending Equator Crossing Past the Tracking Epoch in Free Drift Arc 2.p 

. Geographic 0Longitude 0 Longitude
Right of First of the 

Ascension Ascending Time from 
Orbit Tracking Epoch Seminajor Axis, Inclination, of the 

Argument Mean Time from Equator January Eauator 
Number (yr-mo-day:hr-min UT) a i 

Ascending Eccentricity of Perigee Anomaly 1963.0 Crossing 384.2230,1963, Cro'ssing
After2­

5 63-12-23-19.0 
6 64-1 -6 -17.O 
7 64-1-9-6.0 
8 64-1- 15- 18.O 
9 64-1-20-21.0 

10 64-1-29-20.0 
11 64-2-5-16.0 
12 64-2-10-19.0 
13 64-2-17-17.0 
14 64-2-25-19.0 
15 64-3-4-23.0 
16 64-3-10-13.0 

(earth radii) (degrees) 
Node 

(degrees) (degrees) (days) t East of 

(degrees) 
Tracking (days) -62.64g0,Epoch 1 

(degrees) 
(degrees) 

.00006 -153.442 153.440 332.8558 -59.161 -51.3672 3.488 

.00019 -45.3835 3.422 

.00009 -39.4000 3.406 

.00010 -33.4163 3.257 
6.6110073 32.795 -44.242 ,00019 -25.4379 3.184 
6.6111007 32.867 -44.456 .00014 -12.4721 2.494 
6.6113769 32.857 -44.539 .00013 - 9.4799 2.289 
6.6117781 32.810 -44.580 .00025 - 2.4984 2.042 
6.6115475 32.825 -44.713 ,00016 2.4889 1.537 , 
6.6120395 32.856 -44.797 .00029 11.4662 .786 
6.6119118 32.800 -44.925 .00026 17.4508 .299 
6.6123174 32.832 -45.026 .00024 407.6588 -62.958 23.4358 - .309 
6.6120695 32.760 -45.134 .00023 414.6413 -63.632 30.4183 - .983 
6.6124562 32.767 -45.182 .00036 52.806 - 52.775 422.6218 -64.543 38.3988 -1.894 
6.6123649 
6.6124118 

32.723 
32.747 

-45.386 
-45.391 

.00017 

.00023 
49.4171 25.910 

- 49.405 
- 25.899 

430.6019 
435.5902 

-65.452 
-66.136 1 51.3672 

-2.803 
-3.487 

Average: Average: 

A 

6.6116178 = a  32.825 =i  
S S 

'Computed by ITEM with gravity constants the same a s  in  Table A 1  with the addition of earth constants, J,, = -1.68 x A,, = -18'. 

Results of least  squares f i t  of data in@)and@above according to the theory of Equation 1: 

L = a l +  a2 t  + a t 2  t a t33 4 
a1 = 1.7349 L 2.273 x lo-' degrees 

az  = -(7.118 k 0.126) x lo-* degrees/sol. day 

a3  = -(6.6165 k 0.1650) x loe4degrees/sol. day' 

a 4  = (1.492 k 0.636) x degrees/sol. day 

Standard error of estimate = 6.041 x IO-*degrees 

(with minimum standard error) = -(2.291 L 0.0572) x los5rad/sid. day', at t = 0.412 day, L = 1.706', A = 60.94'. (See Figure 2) 

See Table 1 For Additional Notes. 
CL 
CL 

I 



Time 

Table 25 

Osculating Elements at the First Ascending Equator Crossing Past the Syncom 2 Tracking Epoch, and Related Data 

Right of first 

Orbit 
Number 
2s-

Ascension 
of the 

Ascending 
Eccentricity 

Argument 
of Perigee(yr-mo-day-hr-min UT) 

(earth radii) 

Inclination, 
i 

(degrees) 

Anomaly 1963.0from 

(degrees) (days) 

Ascending 
Equator 

Crossing
After 

Tracking 
(degrees) Epoch,

A 
- - (degrees) 

1 63-11-28-1.0 6.6105430 32.920 -44.040 .00005 -153.540 153.543 332.8558 -59.160 
2 63-12-4.0 6.6109361 32.920 -44.128 .00008 - 18.896 18.894 338.8393 -59.201 
3 63-12-10.0 6.6108628 32.906 -44.213 .00004 34.301 - 34.307 344.8229 -59.270 
4 63-12-16-17.0 6.6110089 32.907 -44.304 .00004 ' - 66.460 66.491 350.8066 -59.386 
5 63-12-23-19.0 6.6111138 32.891 -44.404 .00001 - 72.413 72.423 358.7851 -59.615 
6 64-1-6-17.0 6.6113789 32.870 -44.582 .00007 ~ 25.588 - 25.594 371.7507. -60.185 
7 64-1-9-6.0 6.6113491 32.867 -44.629 .00004 8.904 - 8.904 374.7428 -60.341 
8 64-1-15-18.0 6.611 7630 32.861 -44.709 .00008 - 20.008 20.007 381.7246 -60.760 
9 64-1-20-21.0 6.6115831 32.844 -44.778 .00002 - 7.961 7.969 386.7117 -61.093 

10  64-1-29-20.0 6.6119796 32.829 -44.893 .00013 14.6 24 - 14.621 395.6888 -61.801 
11 64-2-5-16.0 6.6118246 32.811 -44.984 .00006 25.370 - 25.371 401.6735 -62.313 
12 64-2-10-19.0 6.6121671 32.804 -45.058 .00009 - 13.385 13.385 407.6585 -6 2.8 79 
13 64-2-17-17.0 6.6120119 32.778 -45.15 7 .00002 24.230 - 24.248 414.6411 -6 3.594 
14 64-2-25-19.0 6.6124152 32.762 -45.263 .00013 18.256 - 18.252 422.6215 -64.51 2 
15 64-3-4-23.0 6.6122805 32.739 -45.392 .00006 26.790' 

- 26.792 430.6020 -65.490 
16 64-3-10-13.0 6.6126075 32.731 -45.455

I Average: -1I 6.611614=a 32.84=i I 
.00009 - 0.415 0.415 435.5900 -66.150 

in a Simulated Svncom 2, Arc 2 Traiectorv with Earth Longitude Gravitv through Second Order.* 

-7­ 0a Longitude 
Time from of the 

Ascending 

t East or 
(days) -62.649', 

L 
(degrees) 

-51.3672 3.489 
-45.3837 3.448 
-39.4001 3.379 
-33.4164 3.263 
-25.4379 3.034 
-12.4723 2.464 
- 9.4802 2.308 
- 2.4984 1.889 

2.4887 1.556 
11.46 58 .848 
17.4505 .336 
23.4355 - .230 
30.4181 - .945 
38.3985 -1.863 
46.3790 -2.841 
51.3670 -3.501 

*Computed by ITEM with gravity constants the s a m e  a s  in Table A1 with the addition of the earth constants: J,, = -1.68 x lo-', A,, = -18.09 

Results of leas t  squares fit of data in 0 and 0 above according to  the theory of Equation 1: 

L = a l +  a z t +  a 3 t 2 +  a 4 t 3  


a l  = 1.7226 f 2.223 x degrees 


a2 = -(6.7983 f 0.01237) x lo-' degrees/sol. day 


a 3  = -(6.5640 f0.01614) x degrees/sol. day' 


a 4  = -(1.493 f62 .19 )  x lo-' degrees/sol. day3 


Standard error of estimate = 5.908 x loe3 degrees 

A(measured) = -(2.2787 f 0.00560) x rad/sid. day', a t  t = 0.412 day and A = -60.954O 

A(theoretica1, from Equation 2) = -2.3061 x rad/sid. day', for as = 6.61161 earth radii, is = 32.84O, A = -60.954O, J,, = -1.68 x A,, = -18.0' 

Estimate of acceleration bias due to sun-moonperturbations and J,, model error (exclusive of higher order longitude gravity effects), in Aat t = 0.412 day in Syncom arc 2 
Bias = theoretical - measured = -(2.3061 x lo-') + (2.2787 x = -(0.0274) x lo-' rad/sid. day' 



Table 2 S / 1  

Ascending Equator Crossing Data f rom a Simulated syncom 2 Trajectory f o r  Free Drift Arc 2, Computed by 
ITEM with Earth Longitude Gravity through Third Order*. 

Geographic 0 
Longitude 0 angitude o 

of the Time From Ascending 
Orbit 

Tracking Epoch 
Semimajor Axis, Inclination, Time from Ascending January Equator 

iNumber 
kr-mo-day-hr UT) 

(earth 
a 

radii) (degrees) 
1963.0 

Equator 384.2227, 1963, Crossing 
2s/1- (days) Crossing, t East of 

X (days) L 
(degrees) (degrees)

-~ 

1 63-11-28-1.0 6.6105430 32.920 332.8558 -59.160 -51.3669 3.396 
2 63-12-4.0 6.6109340 32.920 338.8393 -59.200 -45.3834 3.356 
3 63-12-10.0 6.6108585 32.906 344.8229 -59.268 -39.3998 3.288 
4 63-12-16-17.0 6.6110021 32.907 350.8066 -59.382 -33.4161 3.174 
5 63-12-23-19.0 6.6111039 32.891 358.7851 -59.605 -25.4376 2.951 
6 64-1-6- 17.0 6.6113633 32.870 371.7506 -60.162 -12.4721 2.394 
7 64-1-9-6.0 6.6113321 32.867 374.7427 -60.315 - 9.4800 2.241 
8 64-1-15-18.0 6.6117426 32.861 381.7245 -60.723 - 2.4982 1.833 
9 64-1-20-21 .O 6.61 15603 32.844 386.7116 -6 1.048 2.4889 1.508 

1 0  64-1-29-20.0 6.6119519 32.829 395.6886 -61.737 11,4659 .819 
11 64-2-5-16.0 6.6117933 32.811 401.6733 -62.234 17.4506 .322 
12  64-2-10-19.0 6.6121317 32.804 407.6583 -62.785 23.4356 - .229 
13  64-2-17-17.0 6.6119720 32.778 414.6408 -63.479 30.4181 - .923 
1 4  64-2-25-19.0 6.6123694 32.762 422.6211 -64.368 38.3984 -1.812 
1 5  64-3-4-23.0 6.6122286 32.739 430.6016 -65.315 46.3789 -2.759 
1 6  64-3-10-13.0 6.6125514 32.731 435.5895 -65.952 51.3668 -3.396 

Average: Average: 
5.6116 = a  32.84 = i 

S S 

-62.556’, 

( s ee  Figure 2) 
*Gravity constants  of this trajectory are  the same as that in Table  A l ,  with the addition of the ear th  constants :  

J,, = -1.8 x A,, = -15.35O 

J,, = -0.16 x A,, = 24.0° 

J,, = -1.5 x I O w 6 ,  A,, = O.Oo 

(See Figure B1  for the s ignif icance of t h e s e  constants) .  The initial elements of th i s  trajectory, as ide  from those l is ted for orbit 
2 S/ l -1 ,  are  the same a s  those in orbit 2S-1 (Table  2s). 
Resul ts  of l e a s t  squares fi t  of data  in 0and @ according to the theory of Equation 1: (for arc  2S/1) 

L = a , +  a , t  + a 3 t Z  + a 4 t 3  

a l  = (1.6705 t- 0.00214) degrees  

a ,  = -(6.6252 t- 0.0119) x 10” degrees/sol .  day 

a ,  = -(6.3450 t- 0.0155) x degrees/sol .  day’ 

a 4  = (7.13 k 5.98) x degrees/sol .  day3 

Standard error of es t imate  = 0.00569 degree 

X (measured, with minimum standard error) = -2.2024 x rad/sid. day’, a t  X = -60.91O on t ’ =  384.6346 January 1963 

X (theoretical, from Equation 2)  = -2.2330 x rad/sid. day,, for as = 6.6116 ear th  radii ,  i s  = 32.84O, X = -60.91°, J,, - JB1 

as noted. 

Estimate of accelerat ion b ias  in a rc  S2/1 = X ( theoret ical)  - x (measured) = -0.0306 x rad/s id .  day’ 
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67 - DATA FZOM ACTUAL SYNCOM 2 0 DATA FROM A SIMULATED.­
2 ORBITS AS REPORTED BY SYNCOM 2 TRAJECTORY 

COMPUTED NUMERICALLY 
FROM INITIAL ELEMENTS 
OF ORBIT 25-1 (TABLE 2S), 
WITH GRAVITY AND ,RE­
LATED CONSTANTS AS IN 
TABLE Al ,  WITH THE AD-
DlTlON OF THE EARTH 
LONGITUDE GRAVITY 
CONSTANTS: 

0 

J u = - 1 . 8  X 
h~ = -15.35O 
J33=-0.16X 
h33 = m . 0  
J31=-l.SX 

(SEE TABLE 2S/1) 

MEASURED LONGITUDE VS 
TIME I N  ARC 2 

(SEE TABLE 2 )  

0 

I I I I 1 1 I 

0 0 

0 0 0 . 

0 0
6.612 

I
i 

8 - O x 

0 

0 

0 

!4 

0 0 0 
0 W 

0 0 0 

6.610 1 I 1 I I I I I I 
330 340 350 360 370 380 390 400 410 420 430 440 

TIME FROM 1963.0 (days) 

Figure 2-Measured and simulated orbit data at  ascending Equator crossings in arc 2 (Syncom 2). 

We distinguish two drift regimes for the 24-hour satellite on the basis of mean drift rate as 
discussed in the introduction. If the mean drift rate in an arc is less than kO.1 degree/day, the 
ground track of the synchronous satellite is somewhat arbitrarily said to be in a slow drift regime. 
In this regime, it has been found in practice (and reconciled theoretically in Appendix D; see also 
Reference 3) that the mean geographic longitude can be expressed as a low degree polynomial in 
the time with constant coefficients related to the strength and orientation of the underlying longitude 
grahty field. If the mean drift rate is greater than k0.l degree/day, the satellite is said to be in a 
"fast drift" regime. In this regime the energy, o r  first, integral of Equation 2 has been found to 
give the best representation of the motion as a function of the underlying longitude gravity field. 
In particular, it has been found that for a realistic earth, if  the drift excursion in the arc is 
limited to about 50°, only the second order H,, harmonic terms in Equation 2 need be retained for 
a sufficiently accurate representation. With this limitation, the energy integral can be shown to be 
expressable as 

(x)' = C, + C,, F(is, as),, cos 2A + S,, F(is,as),,  sin 2A rad/sid. day' 
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where 

and 

S,, = J Z 2  s in  2A2,  . 

Equation 9 gives the dependence of the determinable constants in Equation 8 in terms of the strength 
( J Z z )  and orientation (Azz) of the (�!,,)earth gravity harmonic. The orbit constant F ( i s ,  a s ) 2 2is 
given as 

F ( is ,  a,) 2 2  

where as is in units of earth radii (see Equations 76 and 77 in Reference 2). 

In References 5 and 6 it was shown that in the fast drift regime, for excursions of about 10 days 
o r  10"or less, sufficient accuracy is maintained if the drift rate is calculated simply from the differ­
ence of successive longitudes and assigned to the midlongitude. Unfortunately, in arc  3 the orbit 
determination appears to be so poor, o r  the record so brief, that utilization of only a single Equator 
crossing in each determined orbit has not proved adequate to give even one well determined accelera­
tion for this arc. Some improvement in acceleration discrimination has resulted from the utiliza­
tion of successive crossings in each orbit to provide additional independent drift velocity data. (See 
the discussion in Reference 6.) But even with this extra data and also with the use of an estimated 
crossing just prior to the jet pulsing on 25 April initiating arc 4, the best standard error  in the 
acceleration for this arc is close to 100%of the measured value. The details of this drift are 
presented in Table 3. The principal results of the acceleration analysis on the actual data in 
Table 3 are listed in Table 10 in the next section. The data was so inconclusive that the "best" 
measured acceleration in this arc was ignored in the final gravity synthesis. 

Arc 4, Syncom 2,25 April 1964 - 4 July 1964 

On 25 April 1964, on-board jet pulsing slowed the westward drift of Syncom 2 from -1.3 degree/ 
day to -0.8 degree/day. The ascending Equator crossing at this time was at 116"W. The orbit in­
clination was about 32.6". From 25 April to 7 July 1964, the "figure of 8" ground track of Syncom 2 
moved from 116"W to 164"W in free gravity drift. The principal effect in this two month a rc  was a 
deceleration of the drift rate, due to resonant earth longitude gravity, from -0.81 degree/day to-0.75 
degree/day. The drift regime is "fast" and the details of the long term acceleration analysis on the 
measured and simulated ascending Equator crossings according to Equation 8 a r e  presented in Table 
4 and Figure 3 and summarized in Tables 10 and 11. 

A number of gravity drift simulated trajectories for this arc were calculated with initial semi-
major axis, Equator crossing longitude and earth longitude gravity as variables. The results of 
these (Tables 4s and 4S/1) were only fairly conclusive as to the exact magnitude of long term ac­
celeration bias due to sun and moon gravity and model error  in this arc. It would seem that the 
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Table 3 


Syncom 2 Osculating Elements at the First Ascending Equator Crossings Past the Tracking Epoch and Related Data for Free Drift Arc 3.t 


0 
Right AT = Longitude M= 

I 
Orbit 

Number 
3 -

Tracking Epoch 
(yr-meday-hr UT) 

iemimajor Axis, 
a 

(earth radii) 

idination, 

:degrees) 
1 

scension 
of the 
jcending 
Node 

legrees) 

ccentricity 
Argument 
of Perigee 
(degrees) 

Mean 
Anomaly 
(degrees) 

Time from 
1964.0, 

T 
(days) 

)I [bracketed 
Data: 

Tjl - Tj 

T t 1  - T, 

(days) 

of the 
Ascending 

Equator 
Crossing, 

A 
(degrees) 

)I [bracketed 
Data: 

\ j l  - A j  
(degrees) 

hit1 - hi 0 
&/AT, h 
iegreedday) 

1 64-3-18-2.0 6.6266333 32.682 -45.512 .00205 -173.534 1 173.508 78.5721 - 67.623 
:- 68.28]* [-1.30821 

2 64-3-18-2.0 6.6266800 32.681 -45.529 .00203 -173.162 1' 173.134 79.5730 1.0009 - 68.932 - 1.309 
1- 71.55)** - 7.848 (-1.3068) 

3 64-3-24-13.0 6.6266362 32.724 -45.544 .00190 -169.992 2 169.954 84.5774 6.0053 - 75.471 
1- 76.111 [-1.28381 

4 64-3-24-13.0 6.6266143 32.720 -45.558 .00190 -170.431 2' 170.394 85.5782 1.0008 - 76.756 - 1.285 
[ 81.31) (-1.2959) 

5 64-4-1-22.0 6.6269968 32.685 -45.699 .00204 -171.037 3 171.000 93.5847 9.0073 - 87.144 -11.6 73 
[- 87.811 [-1.33391 

6 64-4-1-22.0 6.6270420 32.684 -45.7 14 .00204 -170.705 3' 170.667 94.5856 1.0009 - 88.479 - 1.335 
(- 91.12) (-1.3242) 

7 64-4-7-15.0 6.6269419 32.701 -45.831 .00197 -172.875 4 172.849 99.5900 6.0053 - 95.096 - 7.952 
[- 95.751 [-1.30931 

8 64-4-7-15.0 6.6269010 32.697 -45.84f .00198 -173.24( 4' 173.213 100.5909 1.0009 - 96.406 - 1.310 
(- 99.03) (-1.3109) 

9 64-4-13-19.0 6.6264550 32.599 -45.99c .00213 -172.507 5 172.475 105.595C 6.0050 -102.968 - 7.872 
[-103.621 [-1.3001] 

10 64-4-13-19.0 6.6264975 32.599 -46.00E .00212 -172.05: 5' 172.022 106.5956 1.0008 -104.269 - 1.3011 
(-109.58) (-1.3215) 

11*** 64-4-25-2.0 32.6036.6268369 6 115.6022 10.0076 -116.193 -13.225 
4verageAverage : 
32.67 = i ,6.62675 =ag  

1 

*(Xi)  - hj)/2; for [bracketed] data. 

**(hj+l- Xj ) /2  for other data. 

"'Data estimated for crossing just prior to Epoch 64-4-25-2.0 hour from arc 4, orbit 4-1, and arc 3, orbit 3-9. 
tSee notes in Table 1. 
Results of least  squares f i t  of (bracketed) data in @ and @ above according to the drift theory of Equation 8: 

(A)' = C,  + CzzF(is,  as )  cos 2X + Sz,F(is, a,) sin 2h 

C,, =-(1.01 f 3.12) x 

S , ,  = (5.85 f 6.75) x 

Standard error of estimate = 1.215 x 10'' rad/sid. day' 
A (with minimum standard error) = -(0.897 f 0.888) x rad/sid. day', at h = -88.0°, (see Figure 10). 



difference between the acceleration biases in trajectories 4 s  and 4S/1 can be accounted for by the 
neglect, in the analysis in Table 4S/1, of higher order earth longitude gravity which was responsible 
for the fine details of the drift. Analysis of long drift arcs (in excess of 30")in various realistic 
earth longitude gravity fields has shown that the order of magnitude of this higher order earth 
gravity bias in an analysis with only second order gravity is about 0 . 0 3 ~ 1 0 - ~rad/sid. day2. 

Evidently, an accurate assessment of the total model bias in a long, fast drift arc can only be 
made in a numerical analysis which includes at least some third order gravity effects. The most 
accurate discrimination of the model bias in such a regime would involve a third order reduction 
of the drift as well as its inclusion in the trajectory generator. Unfortunately, the parallel analysis 
of the actual orbits with a third order energy integral (similar to Equation 8) appears to lose con­
siderable acceleration discrimination over the second order analysis of the third order trajectories 
in arcs 4 and 5, due to the large observation e r rors  present in the limited actual data. 

After many techniques were tried, the straightforward numerical evaluation of the model bias 
in the gravity experiment on the data presented here seems to be adequate to the observational 
precision of that data. Other more analytical and more lengthy iterative techniques have been used 
by Allan (Reference 12) to evaluate sun, moon, and model bias in Syncom 2 drift data (see Discussion.) 
The present analysis on the limited nine arc  record points to the conclusion that the actual unad­
justed accelerations as a whole are, if  anything, better measures of earth gravity effects, more 
precise than bias adjusted measurements on any basis (see Table 12.) Perhaps in the future, when a 
greater proportion of augmentation (rather than cancellation) of e r ror  data is received and processed, 
it will prove more than academic to examine these bias removal techniques with thoroughness. 

Arc 5,  Syncom 2, 4 July 1964 - 19 February 1965 

On 4 July 1965 the westward drift of Syncom 2, at a mean longitude of 171"W, was slowed from 
-0.75 degree/day to -0.5 degree/day by ground commanded on-board jet pulsings. For the next 
7-1/2 months the satellite, as far as can be determined, drifted freely in the gravity fields of the 
earth, sun, and moon. The details of this  drift as derived from orbits for Syncom 2 determined at 
GSFC are presented in Table 5 and Figure 4. Tables 5s and 5S/1 give the results of closely paral­
leling simulated trajectories numerically calculated in the presence of earth longitude gravity 
through second and third order. The second order trajectory uses gravity constants which were 
derived from earlier, more limited Syncom 2 data (Reference 3). The constants in the third order 
trajectory represent a best estimate at an intermediate stage in this analysis. The J 3 , ,  A,,  con­
stants in these "ITEM" computed trajectories are best estimates in a private communication from 
W. M. Kaula in October 1964. 

Greatest precision and fidelity to true earth effects at this stage in the reduction of the actual 
"noisy" data appears to be preserved when a single acceleration is calculated from a second order 
longitude gravity model extending over as short an arc as feasible. Model bias effects appear to 
be most accurately assessed by paralleling these reductions on a third order numerically calculated 
trajectory which closely follows the actual drift. 
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Table 4 

Syncom 2 Osculating Elements at the First Ascending Equator Crossing Past the Tracking Epoch, and Related Data for Free Drift Arc 4.* 

0 
Right Longitude 

Orbit Syncom 2 Semimajor Axis,  Inclination, 
Ascension 

Time from At= of the 
of the Eccen- AscendingNumber Tracking Epoch a 1 1964.0, t 

J t l  - t J  Equator4 - I (yr-mo-day-hr UT) (earth radii) (degrees) 
Ascending tricity 

(days)Node 
(degrees) 

1 64-4-25-2.0 ' 6.6208880 32.602 -46.131 .OO120 -168.118168.090 116.6039 -117.182 
(118.6030) (-118.81) ** (-0.8134) 

2 64-4-28-15.0 6.6208306 32.594 -46.142 .00116 -163.317 163.279 120.6020 3.9981 -120.434 -3.252 
(124.1001) (-123.26) (-0.8086) 

3 64-5-5-16.0 6.6206780 32.560 -46.274 .00117 -165.263 165.229 127.5982 6.9962 -126.091 -5.657 
(131.0963) (-128.91) (-0.8072) 

4 64-5-12-16.0 6.6206500 32.626 -46.424 .00118 -159.744 159.697 134.5943 6.9961 -131.738 -5.647 
(137.5927) (-134.11) (-0.7926) 

5 64-5-19-14.0 6.6205248 32.577 -46.452 .00113 -163.604 163.567 140.5910 5.9967 -136.491 -4.753 
(144.0889) (-139.25) (-0.7898) 

6 64-5-25-15.0 6.6205311 32.600 -46.614 .00122 -162.158 162.115 147.5867 6.9957 -142.016 -5.525 
(151.5844) (-145.13) (-0.7791) 

7 64-6-2-21.0 6.6204625 32.576 -46.678 .00123 -163.458 163.418 155.5820 7.9953 -148.245 -6.229 
(159.0798) (-150.94) (-0.771 1) 

8 64-6-9-21.0 6.6198435 32.580 -46.763 .00119 -159.072 159.023 162.5776 6.9956 -153.639 -5.394 
(166.0753) (-156.30) (-0.76 04) 

9 64-6-16-15.0 6.6199213 32.565 -46.874 .00118 -162.909 162.870 169.5729 6.9953 -158.958 -5.319 
(173.0705) (-161.59) (-0.7518) 

10 64-6-23-15.0 6.6201029 32.562 -46.991 .00122 -161.998 161.955 176.5680 6.9951 -164.217 -5.259
I Average: Average: I 
L6.6204433=as 32.584=is I 

Results of least squares fi t  of (bracketed) data in @ and 0 above according to the drift theory of Equation 8:

(x)' = C,+ C,, F ( i s ,  a s )  cos 2X + S,,F(is, a s )  sin 2A 

C ,  = -(1.4347 2 0.0788) x 

S , ,  = (0.8114 k 0 .2823)  x 

Standard error of estimate = 1.152 x rad/sid. day' 

A(wirb mimimum standard error) = (2 .138 k 0.0842)  x IO-' rad/sid. day', a t  A = -140.00° (see Figure 3 )  


'See notes in Table 1. 

"AX / 2  for (bracketed) longitudes 



Table 4s-A 

Osculating Elements at the First Equator Crossing Past the Syncom 2 Tracking Epoch, and Related Data in Two Simulated Syncom 2 Arc 4 
Trajectories with Earth Longitude Gravity through Second Order.* 

0 
Right 

Longitude 
of the 0 

Orbit Syncom 2 Semimajor Axis, Inclination, Ascension Argument Mean Time from 
Equatorof theNumber Tracking Epoch a i Ascending Eccentricity of Perigee Anomaly 1964.0, At = tj+1 - ‘1 

Ascending 
M =Ai+, -Aj W A t  ,i 

t4 S A  - (yrmcrday-hrUT) (earth radii) (degrees) Node (degrees) (degrees) 
(days) 

(days) Crossing, (degrees) (degrees/day) 

(degrees) (degrees) 

1 64-4-25-2.0 6.6206462 32.602 -46.131 .00120 -168.120 168.093 -117.182 
(-118.81)** (-.8167) 

2 64-4-28-15.0 6.6205913 32.601 -46.201 .00123 -166.322 166.289 -120.447 -3.265 
(-123.29) (-.8138) 

3 64-5-5-16.0 6.6207620 32.592 -46.293 .00120 -165.756 165.722 -126.141 -5.694 
(131.0964) (-128.97) (-.8087) 

4 64-5-12-16.0 6.6204145 32.582 -46.404 .00127 -164.655 164.617 134.5945 6.9962 -131.799 -5.658 
(137.5929) (-134.21) (-.8046) 

5 64-5-19-14.0 6.6205767 32.572 -46.495 .00115 -167.061 167.031 140.5913 5.9968 -136.624 -4.825 
(144.0893) (-139.40) (-.7940) 

6 64-5-25-15.0 6.6202807 32.566 -46.613 .00122 -165.700 165.665 147.5872 6.9959 -142.179 -5.555 
(151.5849) (-145.320 (-.7856) 

7 64-6-2-2 1.0 6.6203666 32.557 -46.711 .00119 -165.422, 165.387 155.5825 7.9953 -148.460 -6.281 
(159.0803) (-151.18) (-.7765) 

8 64-6-9-21.0 6.6201344 32.551 -46.829 .00122 162.5781 6.9956 -153.892 -5.432 

9 64-6-16-16.0 6.6200798 32.535 -46.914 .00115 169.5736 6.9955 -159.266 -5.374 

A 

(166.0759) (-156.58) (-.7682) 

(173.07 13) (-161.91) (-.7571) 
10 64-6-23-15.0 6.6199550 .00120 176.5689 6.9953 -164.562 -5.296 

Average: 
6.6203807 =a1 

*Computed by ITEM with gravity constants the same a s  in Table A 1  with the addition of earth constants: J2, = -1.68 x A,, = -18.0’. 

**M/2 for (bracketed) longitudes. 
Results of least squares f i t  of (bracketed) data for arc S4-A io @ and @ above according to the drift theory of Equation 8: 

(h2= C, + C,,F(i,, as) cos 2A + S,,F(is, a,) sin 2A 

Co = 1.7987 x rad2/sid. day’ 

C,, = -(1.3234 f 0.0390) x 

S,, = (1.0770 f 0.1372) x l o v 6  

Standard error of estimate = 5.685 x lo-’ rad2/sid. day’ 
i(measured, a t  A = -140.09 = (2.051 f 0.042) x lo-’ rad/sid. day‘
i(theoretical, from Equation 2) = 2.078 I lo-’ rad/sid. day’, where as = 6.6203807 earth radii, is = 32.573 A = -140.0°, J,, = -1.68 x A,, =-18.0°. 

CI Bias (theoretical-measured) = 2.078 x lo-’ - 2.051 x lo-’ = + 0.027 x lo-’ rad/sid. day‘
(D 



h) Table 4s-B 
0 

Osculating Elements at the First Equator Crossing Past the Syncom 2 Tracking Epoch, and Related Data in Two Simulated Syncom 2 Arc 4 
Trajectories with Earth Longitude Gravity through Second Order.* 

0 
Right Longitude 

Orbit Syncom 2 Semimajor Axis, inclination, 
Ascension Argument Mean Time from of the 0 

Number Tracking Epoch a 1 Ascending Eccentricity of Perigee Anomaly 1964.0, Ascending & = A j t l  - A i  Ah/At,t Equator
4s-B - (degrees) Of the ~

I (degrees) (degrees) 
(days) Crossing, 

(degrees) (degrees/day) 

(degrees) ANode 
(degrees) 

I 64-4-25-2.0 6.6206118 32.602 -46.131 .00120 -163.674 163.635 116.6039 -117.160 
(-118.79) (-.8139) 

64-4-28-15.0 6.6205573 32.601 -46.2 0 1 .00124 -161.997 161.953 120.6 018 3.9979 -120.414 -3.254 
(-123.25) (-.8110) 

64-5-5-16.0 6.6207281 32.592 ' -46.292 .00120 -161.312 161.268 127.5981 6.9963 -126.088 -5.674 
(-128.9 1) (-.8060) 

64-5-12-16.0 6.6204353 32.582 -46.420 .00125 -159.660 159.611 134.5943 6.9962 -131.727 -5.639 
(-134.13) (-.8019) 

64-5-19-14.0 6.6205429 32.572 -46.495 .00115 -162.421 162.381 140.5910 5.9967 -136.536 -4.809 
(-139.30) (-.7913) 

64-5-25-15.0 6.6202474 32.566 -46.613 .00122 -161.330 161.285 147.5869 6.9959 -142.072 -5.536 
(-145.20) (-.7827) 

64-6-2-21.0 6.6203333 32.557 -46.711 .00119 -160.9 50 160.906 155.5821 7.9952 -148.330 -6.258 
(-151.04) (-.7739) 

64-6-9-21.0 6.6201010 32.551 -46.829 .00122 -158.629 158.578 162.5777 6.9956 -153.744 -5.414 
(-156.42) (-.7653) 

64-6-16-15.0 6.6200466 32.535 -46.914 .00115 -162.291 162.252 169.5732 6.9955 -159.098 -5.354 
(-161.74) (-.7544) 

10 64-6-23-15.0 6.6199205 32.533 -47.020 .00120 -159.742 159.695 176.5684 6.9952 -164.375 -5.277 

6.6203524 = a  32.57 = i 

*See notes in Table 4SA. 

Results of least  squares fit of (bracketed) data for arc 4s-B in @and @above according to the drift theory of Equation 8: 

(i), = C, t C,, F(is, a,) cos 2A t S,, F(is, as )  sin 2A 

C,, = -(1.3250 * 0.0388) x lo-' 

S,, = (1.0787 10.1378) x lo-' 

Standard error of estimate = 5.669 x lo-' rad2/sid. day' 

x" (measured, at  A = - 140.04 = (2.054)f 0.0413) x rad/sid, day' 

a(theoretica1,fromEquation 2) = 2.078 x 10-5 rad/sid. day2, where as = 6.620352 earth radii, is = 32.57', A = 140.04 J,,= -1.68 x A,, = -18.0'. 

Bias (theoretical-measured) = 2.078 x 10-I - 2.054 x 10-5 = t0.024 x rad/sid. day2. 



Table 4S/1 

Osculating Elements at the F i r s t  Ascending Equator Crossing Past the Syncom 2 Tracking Epoch, and Related 
Data in a Simulated Syncom 2 Arc 4 Trajectory with Earth Longitude Gravity through Third Order.* 

0 0 
Semimajor Time from Longitude of the 

kbit Number Tracking Epoch Axis, 
Inclination, 1964.0, rt = t i t l - t i  scending Equator L\= hi -xi W A t , i  

14S/1 - Cyr-mo-day-hr UT) a t 

h(earth radii) 
(degrees) 

(days) 
(days) Crossing, (degrees) degrees/day) 

1 64-4-25-2.0 

2 64-4-28-15.0 

3 64-5-5- 16.0 

4 64-5-12-16.0 

5 64-5-19-14.0 

6 64-5-25-15.0 

7 64-6-2-21.0 

8 64-6-9-2 1.0 

9 64-6-16-15.0 

(degrees) 

6.6206454 32.602 116.6039 -117.182 
(-118.81)** (-.8167) 

6.6205886 32.601 120.6019 3.9980 -120.447 -3.265 
(-123.29) (-.8134) 

6.6207557 32.592 127.5983 6.9964 -126.138 -5.691 
(-128.96) (-.8080) 

6.6204594 32.583 134.5945 6.9962 -131.791 -5.653 
(-134.20) (-.8038) 

6.6205639 32.572 140.5912 5.9967 -136.611 -4.820 
(-139.38) (-.7929) 

6.6202643 32.566 147.5871 6.9959 -142.158 -5.547 
(-145.29) (-.7840) 

6.6203440 32.557 155.5824 7.9953 -148.426 -6.268 
(-151.13) (-.7743) 

6.6201058 32.551 162.5780 6.9956 -153.843 -5.417 
(-156.52) (-.7655) 

6.6200444 32.535 169.5734 6.9954 -159.198 -5.355 
(-161.84) (-.7539) 

1 0  64-6-23-15 .O 6.6199117 32.533 176.5686 6.9952 -164.472 -5.274 
Average: Average: 
6.6204 = a  32.57 = i 

S S 
*Gravity cons tan ts  of t h i s  trajectory computed ITEM are the  same a s  those  in T a b l e  A l ,  with the addition of t h e s e  earth cons tan ts :  
J,, = - 1 . 8  x A,, = -15.35O 
J,, = -0 .16  x lo-', A,, = 24.0° 

J 3 1  = -1 .5  x A,, = O.Oo 
.~ -~ 

S e e  Figure B 1  for the significance of t h e s e  constants.  T h e  in i t ia l  e lements  of t h i s  trajectory,  a s i d e  from those  l i s ted  for orbit 4 S / 1 - 1 ,  
are  the same as those  i n  orbit  S4A- 1 (Table  4 s ) .  

* * ( h i + l- X . / 2 )  for (bracketed) longitudes 

Resul t s  of least squares  fit of the (bracketed) d a t a  in a a n d  @above  according to the  theory of Equation 8 :  
(h2= C ,  t C,, F(iS,  a,)  c o s  2X t S,, F( i s ,  a s )  s i n  2h, ,  

C ,  = 1.786 x rad2/sid.  day2  

C,, = -(1.3905 * 0.0386) x 

S,, = (1.1362 * 0.1362)  x 

Standard error of estimate = 5.627 x rad2/sid. day2  

X'(with minimum standard error) = 2.156 x I O e 5  rad/sid. day2 ,  measured, at h = - 14O.Oo 

X'(theoretical, from Equation 2 )  = 2.163 x r a u s i d .  day2, where as = 6.6204 ear th  radii, is = 32.573 X = -140.0°, and J,, j31 
as noted 

Es t imate  of acceleration b i a s  a t  h = - 140.0' i n  a rc  S 4 / 1  = (theoretical)  - x(ac tua1)  = t0.007 x rad/sid. day2. 
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-0.82 

-0.81 

-0.80 

-
h-0.79 

s \  
k t  
3 b-0.78­0 3  

v 

-0.77 

-0.76­

0 NOTES: 
0 DATA DERIVED FROM ACTUAL 0 DATA FROM A SIMULATED 

-	 SYNCOM 2 ORBITS AS REPORTED SYNCOM 2 TRAJECTORY 
BY GSFC TRACKING AND COMPUTED NUMERICALLY 
DATA SYSTEMS DIRECTORATE FROM INITIAL ELEMENTS 
(SEE TABLE 4 )  OF ORBIT 45- 1 (TABLE 4S), 

-	 WITH GRAVITY AND RE­
LATED CONSTANTS AS 
IN TABLE A I  WITH THE 
ADDITION OF THE EARTH- LONGITUDE GRAVITY 
CONSTANTS: 

J u = - 1 . 8 X  
A22 = -15.35' 
J33=-0.16X 
A33 =24.0° 
~ 3 1= - 1 . 5 ~  

-	 A31 = O.Oo 
( SEE TABLE 4S/ 1 ) 

I I I 

In line with this reasoning and also with the object in mind of obtaining as wide and precise a 
longitude survey as possible with the single-acceleration reduction technique, arc 5 and one simu­
lated arc 5 trajectory were split up into 18 consecutive,sub-arcs. (See Tables 10 and 11 in the next 
section). The first such sub-arc spans the first 9 (bracketed) longitude-drift rate data points in 
Tables 5 and 5S/1. Each succeeding overlapped sub-arc drops the leading point of the previous 
one and adds a new point consecutively until the entire arc  is covered. Each of these sub-arcs are 
analyzed for acceleration in exactly the same way as in arc 4, except as noted below. 

Between 17 November 1964 and 10 January 1965 no orbits for Syncom 2 were calculated. The 
range and range rate transponder on board the satellite was not used then to conserve battery power, 
as the satellite was spending a considerable time in the earth's shadow in this period. As a result, 
the first few new orbits in January 1965 were particularly ill determined. In addition extensive 
data testing has shown that a few orbits in November 1964 also gave poorly defined single Equator 
crossing information. 
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On the other hand, it appeared that such suspect single crossing orbits gave reasonably good 
drift rates from successive crossings. This is equivalent to saying that the satellite position at 
epoch was poorly determined for these orbits (21,24, and 27 in Table 5), but the semimajor axis 
was reasonably well determined. The reverse is the usual situation. In Table 5 it will be seen 
that the orbits mentioned above have been utilized for drift rate information without association 
with neighboring orbits. While the mean crossing longitudes for these are probably in e r ro r  by 
about 0.2", it is sufficiently accurate in this reduction where rate information demands the greater 
precision. 

It is regretted that the standard e r ro r s  in the semimajor axes and longitude locations reported 
by GSFC for these and other Syncom 2 and Syncom 3 orbits did not always agree with the evident 
errors  revealed by the full arc analysis and simulations in this investigation. An effort was made 
to get better (smoother) information by using the complete record in these arcs without exception. 
Various a priori data weighting schemes were tried on the basis of these reported e r ro r s  without 
noticeable gain in accuracy. Simple data rejection on the basis of a 3~ criteria, after a trial reduc­
tion, was used in this and other arcs to arrive at the final acceptable data record. 

In the future, further smoothing of the data in all the Syncom arcs  may be possible by a 
separate analysis of the semimajor axis drift according to the resonant formulations in References 
2 and 3. (See Discussion). 

Arc 6,  Syncom 3, 31 October 1964 - 21 December 1964 

Syncom 3, the first geostationary satellite was launched in August 1964 and reached station 
in the Pacific over the International Date Line in October. From 31 October to 21 December 
1964, the satellite was permitted to drift from 180" to 178" at less than 0.1 degree/day westward 
without correction maneuvers. The details of this free gravity accelerated drift are found in 
Table 6 and Figure 5 and summarized in Tables 10 and 11 in the next section. 

The actual data analysis for acceleration of the geostationary or slow moving Syncom 3 drift 
in this arc follows the t 3  f i t  technique used in arcs  1 and 2 for Syncom 2. While the inertial loca­
tion of Syncom 3's Equator crossing (determined by the crossing time) was poorly defined (the 
orbit being nearly equatorial), the geographic location had good definition in this arc since the 
subsatellite point was nearly stationary. This is brought out best by the low value of the stand­
ard e r ro r  of the estimate of the Equator crossing drift under a t 3  formulation, compared to the 
Syncom 2 arcs 1 and 2. 

The poor definition of the inertial location of Syncom 3 in arc 6 has caused some difficulty in 
finding an acceptably close parallel simulated trajectory. Comparison of the results of the two 
simulations in Table 6s  shows the discrepancy even half a day can make in the sun, moon, and 
model bias errors.  However, it is noted that in arc 6, as in arcs 1 and 2, there is good agreement 
in the bias results in the two simulations from identical initial elements between second order and 
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Table 5 


Syncom 2 Osculating Elements at the First Ascending Equator Crossings Past the "racking Epoch and Related Data in Free Drift Arc 51. 


- _____ _____ ~ 

0 
Right Longitude 

Orbit 
Numb+ Tracking Epoch Semimajor A d s  Inclination, ASCe"Si0, 

Argumer Mea" Time fmm At = 
of the 0

of the
L Ascendinj Eccentricil of Perigq Anomaly 1962.0, 

f ,+ l  - t 
Ascending M= 

&/At .  i 
5 - (yrm-day-hr UT (earth radii) (degrees) Node (degree? (deeees: 

(days) (days) Crossin& (degree! (degreedday)
t Equator A,+, - )  

(degrees) A 
(degrees) 

- _____ ~ 

1 64-1-4-2.0 6.6165154 32.541 -47.118 .00086 -154.5( 154.52 186.5599 -111.261 

2 64-1-1-3.0 6.6169411 32.531 -41.161 .00094 -150.11 150.64' 189.5555 2.9956 
(-171.97)' 
-112.619 - 1.41 

(-.4134) 

3 64-1-13-11.1 6.6166919 32.500 -41.211 .00019 -153.8' 153.811 196.5455 6.9900 
(-114.36) 
-116.038 - 3.3s 

(-.4805) 

4 64-I-21-21.1 6.6164881 32.515 -41.363 .00081 -141.4: 141.40. 204.5331 7.9882 
(-111.91) 
-119.191 - 3.15. 

(-.4692) 

(178.81) (-.4611)
5 64-1-21-16.1 6.6165999 32.500 -41.422 .00084 -150.1 f 150.11' 210.5249 5.9912 111.401 - 2.80: 

(115.19) (-.4624 )
6 64-8-3-11.0 6.6166081 32.416 -41.555 .00081 -145.1( 145.641 211.5144 6.9895 114.115 - 3.23: 

I 64-8-11-1.0 6.6163041 32.445 -41.606 .00011 -149.38 149.29: 224.5039 6.9895 110.996 - 3.11! 

8 64-8-17-19.1 6.6164211 32.408 -41.100 .00089 -145.42 145.36: 231.4932 6.9893 
(169.43) 
161.855 - 3.14: 

(-.4494) 

9 64-8-25-10.( 6.6164814 32.443 -41.739 .00089 -138.31 138.311 238.4828 6.9896 
(166.27) 
164.694 - 3.16: 

(-.4522) 

10 64-9-1-10.0 6.6163260 32.391 -41.933 .00080 -144.43 144.38: 245.4118 6.9890 
(163.13) 
161.513 - 3.12: 

(-.4466) 

(159.54) (-.4521) 

(112.59) (-.4548) 

11 64-9-9-14.0 6.6160374 32.312 -48.100 .00090 -145.14 145.68t Z54.4580 8.9862 151.510 - 4.06: 

12 54-9-15-12.C 6.6165134 32.360 -48.148 .00083 -140.90 140.84( 360.4489 5.9909 154.822 - 2.68f 

13 54-9-22-1O.C 6.6164083 32.302 -48.256 .00081 -141.92 141.866 166.4398 5.9909 
(153.46) 
152.089 - 2.13: 

(-.4562) 

14 54-9-29-6.0 6.6165513 32.327 -48.344 .00083 -140.20 140.143 113.4294 6.9896 
(150.48) 
148.810 - 3.21: 

(-.4605) 

15 $4-10-6-5.0 5.6164264 32.321 -48.414 .00081 -135.50 135.440 180.4189 6.9895 
(147.29) 
145.101 - 3.16s 

(-.4534) 

16 54-10-13.0 3.6161308 32.312 -48.565 .00090 -135.82 135.153 !81.4085 6.9896 
(144.05) 
142.393 . 3.308 

(-.4133) 

11 i4-10-20-16. 5.6163209 32.289 -48.662 .00090 -139.11 139.104 195.3969 1.9884 
(140.50) 
138.602 . 3.791 

(-.4146) 

18 i4-10-26-16. 5.6169645 32.250 .48.815 .00012 -133.26 133.202 101.3881 5.9912 
(131.16) 
135.116 . 2.886 

(-.4817) 

19 14-11-2-5.0 5.6164851 32.249 .48.864 .00019 -139.15' 139.091 ,01.3199 5.9918 
(134.21) 
132.113 . 3.003 

(-.5012) 

verage: verage: 
6165206 = a 2.391 = i 'c 5A data 

20 

21  

22 

i4-11-11-2.0 

i4-11-17-6.0 

,4-11-11-6.0 

i.6111112 

i.6169061 

i.6168618 

32.281 

32.230 

32.229 

48.990 .00080 

49.018 .00081 

49.038 .00083 

.128.011 

.131.321 

.136.94( 

121.945 

131.264 

136.882 

16.3611 

22.3588 

23.3515 

8.9878 

$9981 

(130.41) 
128.101 

125.310 
(125.1) 
124.853 

4.606 

0.511 

(-S125) 

(-.5111)1 

(156.11) (-.4481) 

(112.O)T (-5510)
23 85-1-10-6.0 i.6113810 32.131 49.815 .00066 ,120.05: 119.987 16.2941 9.9264 94.129 33.318 

24 5-1-13-16.0 i.6180115 32.164 49.942 .00011 ,130.81: 130.154 80.2891 92.461 
(92.16) (-.6051)1

25 5-1-13-16.0 8.6181446 32.163 49.954 .00010 ,128.83: 128.171 81.2880 0.9989 91.856 0.605 
(91.45) (-.5911) 

21  

28 

5-1-21-4-5.1 

5-1-21-4-5.( 

.6181841 

.6182309 

31.956 

31.955 

49.833 .00066 

49.845 .00065 

160.11f 

160.91: 

160.151 

160.891 

93.2111 

94.2160 1.9989 

84.089 
(83.19) 
83.48 0.608 

:-.6081)1 
29 5-2-16-4-5.1 .6183288 32.111 50.406 .00061 121.64E 121.592 13.2531 5.9723 

(80.21)t 
12.248 15.914 

-.6121) 

30 5-2-19-23.0 
erage: 
i11425=a 

verage: 
1.16" = i 'c 5 B  data(inc1udes 11.2496 1.9959 

(11.02) 
69.183tt 2.465 

-.6 169) 

rta in orbits 5-11, 
erage: rerage: .19) 

26 5-1-20-12.0 8.6185305 32.111 50.105 .00060 ,319.86; 139.823 81.2814 0.9813 88.162 6.561 

i l l= a 1.33" = i L1 arc 5 data 
-

See Footnates Page 25. 
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'See notes  in Table  1. 
**(X1+l - X,)/2 for (bracketed) longi tudes between [bracketed]  or un-[bracketed]  data. 

'Data ad jus ted  for long arc  e f fec t  (Reference 5). 
'+This  da ta  is from a n  orbit not l i s t ed  in Tab le  A1  for which no elements  are ava i lab le  but which, when calculated a t  GSFC, appeared 

to  show l i t t le  mean motion e f f ec t s  from commanded but poorly executed j e t  puls ings ju s t  prior to  the l i s ted  epoch. 
Resul t s  of l e a s t  squares  f i t  of (bracketed)  data  for the full a rc  5 in @ and @ according to the dsift theory of Equation 8 

(A)' = C, + C,,F(is, a s )  cos 2X + S, ,F( is ,  a s )  s in  2X 

C, = 8.789 x lo-' rad/sid. day' 

C,, = 41.6261 k 0.0288) x 

S,, = (1.0500 f 0.0448) x 

Standard error of est imate  = 1.415 x IOm6rad/sid. day' 

X (with minimum standard error) = -(2.295 f 0.0397) x IO-' rad/sid. day', a t  X = 134.0°, ( s e e  Figure 4) 

Resul t s  of l e a s t  squares  f i t  of bracketed da ta  for a r c  5A in @) and @ above according to  the drift theory of Equation 8: 

(A)' = C, + C,,F(is, a B )  cos  2h + S,,F(is, a s )  s i n  2X 

C, = 8.7719 x rad/sid. day' 

C,, = -(1.5996 k 0.1465) x 

S,, = (1.0667 f 0.1161) x 

Standard error of es t imate  = 1.465 x rad/sid. day' 

X (with minimum standard error) = -(0.1991 * 0.0661) x lo-' rad/sid.  day', a t  A = 161.0° 

Resul t s  of l ea s t  squares  f i t  of bracketed data for a r c  5 8  in @ and @ according to  the drift theory of Equation 8:  

(A), = C, c C,,F(is ,  as)cos  2A + S 2 ' F ( i S ,  a , )  s i n  2X 

C,, = 41.5746 f 0.1653) x 

S,, = (1.0523 k 0.1126) x 

Standard error of es t imate  = 1.603 x rad/sid.  day' 

A (with minimum standard error) = -(2.389 & 0.0724) x IO" rad/sid. day', a t  = 106.0° 
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Table 5s 

Osculating Elements at Ascending Equator Crossings Past the Syncom 2 Tracking Epochs and Related Data in a Simulated Syncom 2 
Arc 5 Trajectory with Earth Longitude Gravity through Second Order*. 

0 
Right Langitude 0 

Orbit Syncom 2 Semimajor ad: Inclination ASC57Sil Aigumenl Meao Time fmm A t  = of the 
Number Tracking Epoch of the LcRltric of Pengel Anomaly 1964.0, Asmding M= M/At.A 
5s- k-mo-day-kr UT (ea& radii) (dew-) Asceodir 

(dpgrees) (degrees t t,+,- t, Equator A , + ,  - A  (degmedday) 
Node (days) (dass) Cmssink (de=­

(degrees A 
(degr-4 

~ 

1 i4-7-4-2.0 6.6165691 32.541 -47.111 .00085 -154.59 154.55 186.559 -171.261 
(-171.99)** (-.4847) 

2 i4-7-7-3.0 6.6166139 32.541 -47.16: .00084 -150.91 150.86 189.556 2.995i -172.713 - 1.45 
(-174.39) (-.4800) 

3 i4-7-13-7.0 6.6166423 32.522 -47.24i .00074 -155.41 155.37 196.545 6.989s -176.068 - 3.35 
(-177.95) (-.4708) 

4 *-7-21-21.0 6.6165608 32.514 -47.35; .00080 -151.73. 151.69 204.533 7.988: -179.829 - 3.76 
(178.78) (-.4649) 

5 4-7-27-16.0 6.6165572 32.497 -47.424 .00078 -153.68! 153.64 210.524 5.9911 177.3 86 - 2.78 
(175.77) (-.4614) 

6 4-8-3-17.0 6.6164269 32.485 -47.534 .00080 -150.28! 150.24 217.514 6.9896 174.161 - 3.22 
(172.56) (-.4583) 

7 4-8-11-1.0 6.6163983 32.460 -47.612 .00073 -155.78! 155.75 224.504 6.9895 170.958 - 3.20. 
(169.37) (--4537) 

8 4-8-17-19.0 6.6163760 32.450 -47.725 .00079 -152.091 152.05 231.49 3 6.9894 167.7 87 - 3.17 
(166.21) (-.4515) 

9 4-8-25-10.0 6.6163634 32.426 -47.80E .00077 .154.641 154.61 238.482 6.9894 164.631 - 3.151 

0 4-9-1-10.0 6.6163724 32.414 -47.922 .00077 ,150.31: 150.27 245.472 6.9893 
(163.05) 
161.471 - 3.161 

(-.4521) 

(159.44) (-.4518) 
1 4-9-9-14.0 6.6162137 32.382 -48.055 .00076 155.59: 155.55 254.458, 8.9863 157.411 - 4.061 

(156.05) (-.4530) 
2 4-9-15-12.0 6.6164386 32.375 -48.140 .00077 151.41i 151.37 260.449. 5.9909 154.697 - 2.71' 

(153.34) (-.4540) 
3 4-9-22-10.0 6.6163175 32.352 -48.226 .00079 155.322 155.28 266.440: 5.9909 151.977 - 2.72( 

(150.37) (-.4594) 
4 4-9-29-6.0 6.6164698 32.343 -48.345 .00074 150.534 150.43 273.429' 6.9895 148.766 - 3.211 

5 4-10-6-5.0 6.6163509 32.318 -48.453 .00075 155.976 155.94: 280.419: 6.9895 
(147.15) 
145.535 - 3.231 

(-.4623) 

(143.90) (-.4674) 
6 4-10-13.0 6.6165564 32.312 -48.566 .00078 151.32C 151.271 287.4081 6.9896 142.268 - 3.26'i 

(140.38) (-.4731) 
7 4-10-20-16.C 6.6164131 32.290 -48.694 .00082 154.741 154.70 295.397: 7.9883 138.489 - 3.779 

(137.04) (-.4834) 
8 64-10-26-16.C 6.6167452 32.286 -48.789 .00073 150.410 150.36! 301.388; 5.9914 135.593 - 2.896 

9 64-11-2-5.0 6.6166390 32.268 -48.884 ,00074 155.158 155.12: 307.379: 5.9914 
(134.14) 
132.677 . 2.916 

(-.4867) 

verage: 
,616475 = a 

,verage: 
2.409 = i 

4rc 5% data 

(130.45) (- .49 60) 
D 64-11-11-2.0 6.6169669 32.264 -49.021 .00076 150.154 150.11( 316.3675 8.9874 128.219 4.458 
1 64-11-17-6.0 6.6168007 32.249 -49.117 .00081 154.039 153.992 322.359C 125.198 

(124.94) 
2 64-11-17-6.0 6.6167780 32.248 -49.137 .00083 153.308 153.26: 323.3576 [.9986 124.689 .509_ 

(-3097) 

(112.6)*** (-.5404) 
3 55-1-10-6.0 6.6177912 32.170 -49.867 .00075 152.191 152.151 176.2908 59.9235 95.834 32.382 
I 55-1-13-16.0 6.6178060 32.166 -49.932 .00077 148.777 148.731 380.2861 93.522 

(93.23) 
> 35-1-13-16.0 6.6178901 32.166 .49.944 .00075 147.449 47.403 181.2850 [.9989 92.939 .58$ 

(-.5836) 

(92.63) (-.5828 
35-1-20-12.0 6.6180467 32.145 60.009 .00065 152.333 52.298 187.2782 10.9874 89.430 6.404_ 

i 35-1-27-4-5.0 6.6179582 32.134 40.104 .00072 150.493 50.452 193.2713 85.910 
(85.62) 

3 
(81.73)*** (-.5929) 

1 i5-2-16-4-5.0 6.6182753 32.080 60.358 .00062 150.957 50.922 L13.2489 15.9707 74.032 15.398 
verage: verage: (72.84) ( -5957)  
617394 = a  !.2O=i xrc 5SB data 117.2443 3.9954 71.652 2.380 

i5-1-27-4-5.0 6.6180122 32.133 .50.116 .00073 149.632 49.590 194.2701 [.9988 85.320 .59g 
(-S907) 

uerage: verage: 
6169=a 1.33 = i  full arc 5s data 

~ 

*See Footnotes Page 27. 
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*Computed by ITEM with gravity cons t an t s  the same as in Tab le  A l ,  with the addition of the ear th  cons tan ts :  
J, ,  = -1.68 x 

A,, = -IS0 

* * ( A j + l  - Xj)/2 for (bracketed) longitudes between [b racke ted ]  or un- [ bracketed]  data .  

***Dam adjusted for long a r c  effects  (Reference 5)  ( s e e  Table  11 for summary of sub-arc analysis) .  
Resu l t s  of l e a s t  squa res  f i t  of bracketed d a t a  for arc  5s-A in @ and @ above according to  the drift  theory of Equation 8: 

(X3’ = C, + C,,F(is, a s )  c o s  2X + S,,F(is, a s )  s i n  2X. 

C,  = 8.5845 x IO-’ rad/sid. day’ 

C,, = -(1.4109 f 0.0293) x 

S , ,  = (1.0378 ?r 0.0233) x 

Standard error of es t imate  = 2.939 x rad/sid. day’ 

A (measured a t  X = 161.09 = -(0.0702 f 0.0132) x IO-’ rad/sid. day2  

h ( theoret ical ,  according to  Equation 2), = 4@.0809)  x IO-’ rad/sid. day’, 


for as  = 6.616475 ear th  radii, is = 32.4093 J , ,  = -1.68 x nZ2= -18.0°, A = 161.0’ 

Est imate  of measured b i a s  in x a t  161.0’ in Syncom 2 a r c  5A: 

Bias  = theoretical-measured 

= -(0.0809) x lo-’+ (0.0702) x lo-’ 
= -(0.0107) x lo-’ rad/sid. day‘ 

Resu l t s  of l e a s t  squa res  f i t  of bracketed data  for a rc  5s-B in 0 and @ above according t o  the drift theory of Equation 8: 

(A)’ = C ,  + C,,F(is ,  a s )  cos  2A + S, ,F( is ,  a s )  s i n  2A 

C,, = -(1.4219 f 0.0550) x 

S z 2 =  (0.9296 f 0.0392) x 

Standard error of es t imate  = 5.152 x 10 - 7  rad/sid. day2 


A (measured a t  X = 106.00) = 42.132 f 0.0240) x lo-’ rad/sid. day’ 


A ( theoret ical ,  according to Equation 2), = 42 .154)  x IOT5rad/s id .  day‘, 


for a s =  6.61739 ear th  radii, is = 32.20°, J,, = -1.68 x A,, = -18.0°, A = 106.0° 


Estimate  of measured bias  in A a t  A = 106.0° in Syncom 2 arc  5B, due to  sun-moon perturbations and J,,  model error exclusive of 

higher order longitude gravity: 

Bias 	= theoretical-measured 

= 42.154)  x lo-’ + (2.132) x IO-’ 

= 40.022)  x rad/sid. day‘ 

Resu l t s  of l e a s t  squares  fi t  of bracketed data  for the full arc 5 s  in @ and @J ahove according to the theory of Equation 8: 
0;)’= C, + C2,F( i s ,  a e )  cos  2h + S, ,F( is ,  a s )  s i n  2A 

C,, = 41.3664 f 0.00725) x S , ,  = (1.0008 f 0.0115) x 
Standard error of e s t ima te  = 3.566 x rad/sid. day’ 

x (measured at X = 134.09 = 4 1 9 3 4 4  f 0.0100) x lo-’ rad/sid. day’ 

(theoretical, is = 32.33O, J, ,  = -1.68 x A,, = -18.0°, A = 134.09= 41 ,3237)  x lo-’ rad/sid. day’, for as = 6.6169 earth radii. 

Est imate  of measured b ias  in X a t  X = 134.0’ in Syncom 2, a rc  5, due t o  sun-moon perturbations and J,, model error exclusive of 

higher order longitude gravity: 
Bias  = Theoretical-measured 

=,41.9237)  x IO-’ + 1.9344 x = +0.0107 x IO-’ rad/sid. day‘ 

27 



Table 5S/1 

Osculating Elements at Ascending Equator Crossings Past the Syncom 2 Tracking Epochs and Related Data in a Simulated Syncom 2 Arc 5 Trajectory with Earth 
Longitude Gravity through Third Order*. 

r 
0 

Longitude 
of theOrbit Tracking E p c h  SemimajorAr i l .  Indination, Time from 

A t  = Ascending M- 0 
N!Mlbe, igm.o, 

S W - (yrmodaphr  UT) (earth radii) ( d e s 4  
t tl" - t l  Equator AI+, - AI A U A t , , i  

(days) (days) Crossing, (dewee3 (degreees/day) 
A 

(degrees) 

15 

1 64-7-4-2.0 6.6165686 32.541 186.5599 188.739 

2 64-7-7-3.0 6.6166101 32.541 189.5556 2.9957 
(188.01)*' 
187.288 - 1.451 

(-.4844) 

3 64-7-13-7.0 6.6166312 32.522 196.5455 6.9899 
(185.61) 
183.937 - 3.351 

(-.4794) 

4 64-7-21-21.0 6.6165417 32.514 204.5338 7.9883 
(182.06) 
180.187 - 3.750 

(-.4694) 

5 64-7-27-16.0 6.6165335 32.497 210.5249 5.9911 
(178.80) 
177.412 - 2.775 

(-.4632) 

6 64-8-3-17.0 6.6163985 32.485 217.5144 6.9895 
(175.81) 
174.202 - 3.210 

(-.4593) 

7 64-8-11-1.0 6.6163664 32.460 224.5038 6.9894 
(172.61) 
171.017 - 3.185 

(-.4557) 

8 64-8-17-19.0 6.6163418 32.450 231.4932 6.9894 
(169.44) 
167.865 - 3.152 

(- .45 10) 

9 64-8-25-10.0 6.6163290 32.427 238.4825 6.9893 
(166.30) 
164.729 - 3.136 

( 4 4 8 7 )  

10 64-9-1-10.0 6.6163389 32.414 245.4718 6.9893 
(163.16) 
161.589 - 3.140 

(-.4493) 

11 64-9-9-14.0 6.6161849 32.382 254.4580 8.9862 
(159.57) 
157.553 - 4.036 

(-.4491) 

12 64-9-15-12.0 6.6164149 32.375 260.4489 5.9909 
(156.20) 
154.852 - 2.701 

(-.4509) 

13 64-9-23-10.0 6.6163004 32.352 266.4398 5.9909 
(153.50) 
152.141 - 2.711 

(-.4525) 

14 64-9-29-6.0 6.6164625 32.343 273.4292 6.9894 
(150.54) 
148.938 - 3.203 

(-.4583) 

(147.32) (-.4621)
64-10-6-5.0 6.6163551 32.318 280.4187 6.9895 145.708 - 3.230 

16 64-10-13.0 6.6165741 32.312 287.4084 6.9897 142.435 - 3.273 

17 54-10-20-16.0 6.6164494 32.290 295.3967 7.9883 
(140.54) 
138.639 - 3.796 

(-.4752) 

18 54-10-26-16.0 6.6167966 32.286 301.3881 5.9914 
(137.18) 
135.722 - 2.917 

(-.4869) 

19 $4-11-2-5.0 6.6167065 32.268 307.3796 5.9915 
(134.25) 
132.776 - 2.946 

(-.4917) 

20 
21  

$4-11-11-2.0 
$4-11-17-6.0 

6.6170613 
6.6169132 

32.264 
32.249 

316.3612 
322.3590 

8.9876 
(130.52) 
128.259 
125.187 

- 4.517

1 
(-5026) 

(144.07) (-.4683) 

r (124.93) (-.5187)
22 i4-11-17-6.0 6.6168937 32.248 323.3577 t.9987 124.669 - .518J 

(112.2)*** (-.5548)
23 i5-1-10-6.0 6.6180217 32.170 376.2943 59.9271 95.013 -33.246 
24 i5-1-13-16.0 6.6180377 32.166 380.2886 92.625 

(92.32) 
25 i5-1-13-16.0 6.6181219 32.165 381.2875 [.9989 92.022 - .6031 (-.6037) 

(91.71) (-.6018)
26 i5-1-20-12.0 6.6182756 32.144 387.2810 10.9867 88.401 - 6.612 
27 i5-1-27-4-5.0 6.6181815 32.133 393.2744 84.769 

(84.47) 
- S O 71 (-.6077) 

29 5-2-16-4-5.0 6.6184524 32.079 413.2529 25.9719 
(80.48)**' 
72.557 -15.844 

(-.6100) 

30 5-2-19-23.0 417.2486 3.9957 
(71.34) 
70.122 - 2.435 

(-.6094) 

Average: 
6.61647=a 

Average : 
32.41 = is c 5S/1-A data 

Average: 
6.61755=a 

Average: 
32.20 = i, c 5S/l-B data 

28 6-1-27-4-5.0 6.6182343 32.133 394.2733 [.9989 84.162 

Average: Average : 

6.61693 = a  32.33 = is 1 Arc 5S/1 dat; 


.Gravity co~lstant~of h i s  rrajecrory (computed by ITEM)arc chc same ss rhorc io Table A I ,  w r h  the addition of chc cnrrh CO~SLIPLI' J,, = -1.8 I IO' 

J, ,  = -1.5 I IO-', A,,  = 0.09 Thc initial clements of this uajccrory, nsidc from those listed f a  orbit %/I-I,  are chc same ns h o s e  in abir 5s-I (Tam 

'*(Al,, - X,)/Z f a  (bracketed) loogiiuder berwccn [brackcrcdl or YD- [bracketed] data. 
***Data adjvrted for long arc effccls (Rcfercncc 5) 

Rcrults of k a r t  spuai'cs fir of (bracketed) data for tbc full arc %/1,  in 0 and @ above, according 10 Equation 8: 

(b2= C ,  + C??F(i., a,),2 cos 2A + S22F(i., a,)12 sin 2A 

C ,  = 8.797 I 10.' rad/rid. day', C , ,  = -(1.6095 f 0.0108) I IO-', S,, = (1.0981 f 0.0169) I 10.' 

Standard error of csiimarc = 5.318 I 10.' rad/rid. day', (see Tahlc I 1  for complete I 8  rub BICI aoalyris) 
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-0 .64  
NOTES: DATA DERIVED FROM ACTUAL SYNCOM 2 ORBITS AS REPORTED BY GSFC 

- 0 . 6 2  - TRACKING AND DATA SYSTEMS DIRECTORATE (SEE TABLE 5 )  a 

0 DATA FROM A SIMULATED SYNCOM 2 TRAJECTORY COMPUTED a 
-- 0 . 6 0  NUMERICALLY FROM INITIAL ELEMENTS OF ORBIT 5 5 - 1 

3 -0 .58  - (TABLE 5s) WITH GRAVITY AND RELATED CONSTANTS AS IN 

1 
TABLE Al, WITH THE ADDITION OF THE EARTH LONGITUDE 

E -0 .56  - G RAWTY CONSTANTS : 

m j , = - l . E X  10-6 
- A, = -15.35'3 	 -0 .54  J33=-0.16 X 

W5 -0 .52  - A a =  24' 
J31=-1.5x 

c - A31 = 0.0'
LL -0.50 ( SEE TABLE 5S/1)M 

D - 0.48 

- 0.46 

- 0.44 
'0 180 170 160 

- 0z­
v) 

o * s : . 
6.616 I I : I  

180 200 220 240 260 

ACCORDlNG TO A SECOND ORDER LONGITUDE GRAVITY 
ANALYSIS ONLY (SEE TABLE 5 )  

I I I I 
140 130 120 1 i o  100 90 BO I 

LONGITUDE-(degrees) 

a 

0 

0 .  

.* .. 0 0  

1 . _ I  I 1 I I I 
280 300 320 340 360 380 400 420 

TIME FROM 1964.0 (days) 

Figure 4-Measured and simulated orbit data at ascending Equator crossings i n  arc 5 (Syncam 2). 

full third order trajectories. In this case the initial elements of orbit 6s-B were chosen to give 
the best representation of the time characteristics (and thus the more faithful bias estimate) over 
the whole arc. Orbit 6s-A (with GSFC reported "mean" elements for epoch 6s-A-1) appears to 
give a better overall representation of the inclination and eccentricity in a rc  6. 

Arc 7, Syncom 3, 14 January 1965 - 16 March 1965 

Between 20 December 1964 and 14 January 1965 a number of orbit change maneuvers were 
performed on Syncom 3, repositioning the mean longitude of the satellite back near the International 
Date Line and increasing the orbit inclination to about 1". Between 14 January and 30 January 1965 
a number of attitude and inclination change maneuvers were performed which apparently had little 
effect on the mean motion of the satellite. Between 30 January and 16 March 1965 the control jets 
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Table 6 


Syncom 3 Osculating Elements at  the F i rs t  Ascending Equator Crossing Past the Tracking Epoch and Related Data for Free  Drift Arc 6*. 


~~ ~~ 

@ 
Right 

Longitude of 0 Longitude
the First Time from of thekcensionOrbit 

Tracking Epoch Semimajor Axis, Inclination, 
of the Argument Mean Equator January Ascending 

a i 
kcending Eccentricity of Perigee Anomaly 

1964.0, 
Crossing 31.2059,1964, EquatorNumber 

(hrmcrdayhr UT) 
(earth radii) (degrees) 

Node 
(degrees) (degrees) 

t 
After the t Crossing6 - 
 East of 

A L 
(degrees) (degrees) 

64-10-31-2.0 6.6119343 .097 -149.455 .00026 - 45.737 45.719 305.9723 180.219 -25.2336 1.202 

64-11-3-13-18.0 6.6116163 .066 135.469 .00005 - 13.946 13.948 308.7567 180.028 -22.4492 1.011 

64-11-7-8.0 6.6116896 .057 165.876 .00’008 - 23.052 23.052 312.83 08 179.737 -18.3751 .720 

64-11-16-3.0 6.61 15890 .038 106.668 .00012 151.303 -151.297 321.6437 179.191 - 9.5622 .174 

64-11-24-3.0 6.6115203 .080 112.569 .00008 43.507 - 43.514 329.6393 178.798 - 1.5666 - -219 

64-11-30-10-35. 6.6 114447 .090 68.895 .00001 140.529 -140.585 335.5028 178.509 4.2969 - .508 

64-12-8-12-45.0 6.6111913 .261 54.788 .00017 -137.715 137.706 344.4400 178.171 13.2341 - .E46 

64-12-15-12.0 6.6113693 .127 74.467 .00003 -157.902 157.9 13 351.4760 177.968 20.2701 -1.049 

64-12-21-9.0 6.6110148 .204 66.016 .00009 - 8.119 8.118 356.4394 177.814 25.2335 -1.203 

(degrees) (days) TrackingEpocl (days) 179.01?, 

Average: Average: 

‘See notes in Table 1. 
Results of least  squares f i t  of data in 

L = a, + a2t+ a 3 t z  + a4t3 

and @ according to the theory of Equation 1: 

a l  = -(3.080 f 0.067) x lo-’ degrees 

a, = -(4.629 f 0.073) x IO-’ degrees/day 

a 3  = (4.915 f 0.170) x degrees/day2 

a, = -(2.12 f 1.40) x degrees/day3 

i(with minimum standard error) = 41.707 f 0.0591) x lo-’ rad/sid. day’, a t  t = -0.0332 days, t‘ = 331.1727 January 1964, L = -0.310°, A = 178.7079 
(see Figure 5) 



Table 6s-A 

Osculating Elements at the First Ascending Equator Crossing Past the Syncom 3 Tracking Epoch and Related Data, 
in Two Simulated Syncom 3 Arc 6 Trajectories with Earth Longitude Gravity through Second Order.* 

m
W

Geographic Longitude
LongitudeRight of the First 0 of the 

Orbit Syncom 3 Semimajor Axis, Inclination, Ascension Argument Mean Time from Ascending Time From Ascending 

Number Tracking Epoch a i Of the Eccentricity of Perigee Anomaly 
1964.0, Equator 330.9708 Equator 

Node t Crossing January 1964, Crossing6S-A- (yr-m-day-hr- UT) (earth radii) (degrees) Ascending (degrees) (degrees) 
(days) After the t East of 

(degrees) 	 Tracking (days) 179.003",Epoch. A
(degrees) L 

(degrees) 

9 

20.4836 -1.123

1 64-10-31-2.0 6.6118485 .066 37.760 .00011 -130.250 130.248 305.4935 180.275 -25.4773 1.272 

2 64-11-3-13-18.0 6.6119239 .069 37.793 

3 64-11-7-8.0 6.6117741 .081 39.858 

4 64-11-16-3.0 6.6116883 .095 51.145 

5 64-11-24-3.0 6.6114084 .123 56.365 

6 64-11-30-10-35.0 6.6115566 .132 60.210 

7 64-12-8-12-45.0 6.6112925 .161 64.207 

8 i 64-12-15-12.0 I 6.6114751 .174 , 66.575 1 

.00004 -133.732 

.00006 153.835 

.00010 -162.428 

.00014 -179.030 

.00005 -165.418 

.00011 144.315 

133.752 

-153.831 

162.426 

179.030 

165.417 

-144.310 

178.505 

308.4860 

312.4816 

321.4898 

329.4837 

335.4787 

344.4663 

351.4544 

180.053 

179.779 

179.226 

178.790 

178.495 

178.125 

177.880 

64-12-21-9.0 16.6111823 .198 69.060 356.4480 177.731 25.4772 -1.272 
Average: Average: 

6.611572= a 0.122=i 

lesulu of least squares fit of data in 1 and @ according to the theory of Equatior L, for arc S A  
L = a l +  a2 t  + a3t2 + a,t3 

a1 = 40.290252 0.00217)degrees 

a2  = 44.947f0.0234) x 1W2degrees/day 

a3  = (4.438f0.0546)x lo-' degrees/day' 

a, = -(6.082i4.435)x IO-' degrees/day3 

Standard errs of estimate = 3.938 x degrees 
(measured) = (1.5394f0.0190) x rad/sid. day2, at A = 178.703O and t ' =  331.1727January 1964 

A (theoretical) = +(1.5036)I rad/sid. day2 for a, = 6.611572earth radii, i,= 0.1220, A = 178.703O,J p  = -1.68 los6,A p  = -18.0~ 
Bias = theoretical-measwed = (1.5036-1.5394)x = -0.0358 x los5 rad/sid. day' 

*Computed by ITEM with gravity constants the same as  in Table Al,with the additim of the earth constants: J z 2  = -1.68I A,, = -18'. 



w 
N Table 6s-B 

Osculating Elements at the First Ascending Equator Crossing Past the Syncom 3 Tracking Epoch and Related Data, 
in Two Simulated Syncom 3 Arc 6 Trajectories with Earth Longitude Gravity through Second Order.* 

I I 	 GweraDhic 1 
Lon&de

Right 
Ascension Time from of the First Time0From 

of the 
Argument Mean 

Ascending
Orbit Syncan 3 Semimajor Axis, Inclination, 

Ascending Eccentricity of Penge e Anomaly 
1964.0, Equator 330.9708 Ascending 

Number Tracking Epoch a i Equator 

6S-B- k-m-day-hr  UT) (earth radii) (degrees) Node (degrees) (degrees) , t January 1964, Crossing 
Fast  of 

(degrees) 179.003". 
(degrees) (degrees) 

1 ' 64-10-31-2 .O 6.6119240 .097 1-149.455 .00026 -45.719 45.698 : 305.9723 1 180.219 ~ -24.9985 ' 1.216 

2 64-11-3-13-18.0 ' 6.6119574 I .093 1-149.660 .00026 -41.421 ~ 41.403 1 308.9642 180.003 -22.0066 ' 1.000 

, 3 64-11-7-8.O 	 ! 6.6116738 .082 i-153.621 .00022 -45.310 45.294 312.9430 
, 
, 179.735 -18.0278 0.732 

, 
. 4 64-11-16-3.0 ' 6.6117460 ,077 -168.885 .00028 -18.764 18.754 I 321.8777 179.173 - 9.0931 0.170 

: 5 ; 64-11-24-3.0 6.6115233 ' .070 j 167.455 .00022 - 8.705 8.701 329.7916 178.729 - 1.1792 -0.274 
I 
I I !

6 , 64-11-30-10-35.0 6.6113283 .075 ' 159.890 .00020 I 1.339 - 1.338 335.7550 178.435 4.7842 -0.568 

7 64-12-8-12-45.0 6.6114224 ' .088 138.974 .00028 
i
1 9.174 - 9.169 344.6736 178.064 13.7028 -0.939 

I 

I1 8 3 64-12-15-12.0 6.6110825 .099 I 132.866 .00017 ~ 

I 
31.826 -31.819 351.6382 177.805 ' 20.6930 -1.198 

I I 
1 

i 9 64-12-21-9.0 6.6114383 .118 , 124.209 .00025 	 1 27.235 -27.225 ~ 356.6010 177.654 25.6302 -1.349 
I II 

LL 
Average: i Average: 	 I

116.611566 =a 
S 

0.089 =i 
S '1 j 

L 
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Table 6S/1 

Ascending Equator Crossing Data F r o m  a Simulated Syncom 3 Trajectory for F r e e  Drift Arc 6, 
Complted by ITEM With Earth Longitude Gravity through Third Order.* 

~ 

Tracking Epoch 
(yr-mo-day-hr UT) 

64-10-31-2.0 


64-11-3-13-18.0 


64-11-7-8.0 


64-11-16-3.0 


64-11-24-3.0 


65-11-30-10-35.1 


64-12-8-12-45.0 


64-12-15-12.0 


64-12-21-9.0 


Geographic 0 
Longitude 0 Longitude 

of theof the Time from AscendingSemimajor Axis,  Inclination, Time from Ascending January Equatora i 1964.0 
Equator 331.2865, 1964 Crpssing

(earth radii) (degrees) (days) Crossing, t East of 
A (days) 179.002°, 

(degrees) (degrees) 

6.6119228 .097 305.9723 180.219 -25.3142 1.217 

6.6119523 .093 308.9642 180.004 -22.3223 1.002 

6.6116643 .082 312.9430 179.738 -18.3435 .736 

6.6117257 .078 321.8777 179.188 - 9.4088 .186 

6.6114943 .070 329.7915 178.760 - 1.4950 - .242 

6.6112925 .075 335.7549 178.482 4.4684 - .520 

6.6113766 .OS8 344.6733 178.141 13.3868 - .861 

6.6110288 .099 351.6379 177.911 20.3514 -1.091 

6.6113790 -118 356.6007 177.784 25.3142 -1.218 

L 

Average: Average: 
6.611537= a  

S 
0.089 =i

S -- .  

Resul t s  of l ea s t  squares  fit of da ta  in @ and @ above according to  the theory of Equation 1: 
L = a l +  azt  + a3t’ + a 4 t 3  

a l  = -(3.1148 L 0.0233) x 10-’ degrees  

a2  = -(4.8012 ?r 0.0253) x degrees/day 

a3 = (4.8565 f 010594) x degrees/day’  

a ,  = -(1.362 ?r 4.856) x degrees/day3 

Standard error of es t imate= 0.00423 degrees  

i(with minimum standard error) = 1.6860 x lo-’ rad/sid.  day’, a t  t = -0.0091 day, t ’= 331.2774 Jan. 1964, A = 178.69O, measured 

A (theoretical  from Equation 2, i s =  O.O89O, A = 178.69O, J n- J I 1  a s n o t e d ) =  1.6615 x lo-’ rad/sid.  day’, for a s  = 6.61154 earth radii  

Est imate  of acceleration b ias  at A = 178.69O in a rc  6S/ l  = A (theoretical)  - A (measured) = -0.0245 I lo-’ rad/sid. day’ 

‘Gravity cons tan ts  of this trajectory are the same a s  tha t  in Tab le  A l ,  with the addition of the ear th  cons tan ts :  

J - -1.8 x A, = -15.35O; J3$ = -0.16 x A, = 24O a - -
J J 1  = -1.5 x AJ1 = Oo. 

The ini t ia l  e lements  of th is  trajectory,  a s i d e  from those  l i s ted  for orbit 6S/1-1, a re  the  same  a s  those  in orbit  6S-B-1 (Table  6s). 
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Figure 5-Measured and simulated orbit data at ascending Equator crossings in free drift arc 6 (Syncom 3). 

on Syncom 3 were inactive. During this two month period the mean longitude of the satellite moved 
westward from about 181"to 173.5" with a mean drift rate of about -0.1 degree/day. The details of 
this gravity accelerated drift a re  found in Table 7 and Figure 6 and summarized in Tables 10 and 
11 in the next section. 

The acceleration analysis during this relatively slow westward drift/utilized the same t3  f i t  
method as in previous slow drift 24-hour satellite a rcs  1,2, and 6. The efficacy of this method is 
once again attested to by the small bias results evident in the close arc  7 simulated trajectories 
in Tables 7s and 7S/1. In these simulations, no attempt was made to break the arc at the end of 
January 1965 to account for the evident inclination change maneuver. Near-equatorial 24-hour 
orbits, theoretically, suffer resonant gravity effects with small sensitivity to inclination changes 
(see Equations 3 through 7). 
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It is noted that the standard e r ror  of estimate for the t 3  longitude f i t  in this arc  is over four 
times that in the arc 6 experiment for the same amount of data. The results of attempts to reduce 
this e r ror  by both a priori and a posteriori weighting have been inconclusive, in large part because 
of the scarcity of the data in this arc. In arc  2, which apparently suffers from similarly ill deter­
mined orbits, the standard e r ror  in the best measured acceleration is relatively small because 
more data is available in that arc  than in arc  7. Nevertheless, the best measured acceleration in 
arc  7 seems to be much less in e r ror  from true earth resonant acceleration than its standard first 
stage experiment e r ror  (in Table 7) would indicate, (compare the results of the gravity synthesis 
in the next section). In the future, a more detailed analysis of the day-by-day drift of Syncom 3 in 
this arc, after the method used for Early Bird (arc 9), promises a far better discrimination of 
the acceleration, and with greater longitude separation from arc 6 than presently attained (see 
Discussion). 

Arc 8, Syncom 2, 25 February 1965 - 10 May 1965 

Between 19 and 24 February 1965, gas jets were pulsed on board Syncom 2 to reorient the 
satellite and adjust its mean motion to as close to synchronous as possible. The last of this final 
series of Syncom 2 maneuvers took place on 24 February 1965 and left the satellites ground track 
with a westward drift rate of 0.05 degree/day (reduced from 0.6 degree/day westward on 19 
February) at a mean longitude of 67.7". Under the influence of earth longitude gravity, the ground 
track drift rate westward was further reduced till a momentarily stationary condition was reached 
in late May 1965 near 65.2". The details of this gravity decelerated drift a r e  found in Table 8 and 
Figure 7 and summarized in Tables 10 and 11in the next section. 

Once again, the slow drift t3I t  theory was utilized for the acceleration analysis in this arc ,  
both for the actual data and the closely parallel simulated data (see Tables 85 and 8S/1). The 
orbit determination over this slow drift a rc  appears to be about as good as in a rc  1 (Syncom 2), 
but not as precise as in arc 6 (Syncom 3). The analysis of the two simulated trajectories with 
different earth models shows reasonably consistent model bias acceleration results for this arc 
considering the different lengths of these trajectories. The results of the parallel acceleration 
analysis on the simulated trajectories a re  summarized in Tables 10 and 11 in the next section. 

According to the 24-hour satellite earth gravity drift theory summarized in this report (see 
Conclusions), a point of stable drift equilibrium exists for the Equatorial Geostationary Satellite, 
at about 77" (and at about the same longitude for a 32" inclined orbit satellite). Thus Syncom 2 is 
now probably forever in a long period oscillatory drift regime between mean longitudes of about 
65" and 89". The exact description of this oscillation (with a period of about 2-1/2 years initially) 
depends on the long term change in the inclination of Syncom 2's orbit due to the gravitational 
attractions of the sun and moon. At present (summer 1965) the orbit inclination is about 31.7" and 
is being reduced at about 0.8 degree/year (see Table 8S/1). 
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Table 7 

Syncom 3 Osculating Elements at the First Ascending Equator Crossing Past the Tracking Epoch, 
nd Relate Data for Drift A r c  7, 

0 
Geographic Longitude 

Right Longitude of the 

Ascension II 
Time from 

of the Time 
0 

from Ascending 
EquatorOrbit Syncom 3 Semimajor Axis, of the 

Argument Mean 
Equator January CrossingNumber Tracking Epoch a Ascending 

Eccentricity of Perigee Anomaly 1 1965.0 1 Ascending 
45.4138, East of 

Node 
(degrees) (degrees) 

(days) 1 Crossing, 1965, t 177.164' E, 
(degrees) L 

I 
I 
I 

' (degrees) 
(days) (degrees) 

1** 65-1-14-23-30.0 6.6121095 1.137 - 34.097, ,00181 -97.425 1 97.220 ~ 15.0855 180.803 -30.3283 3.639 
I 

2 65-1-30-13-10.0 6.6124038 I .173 ' - 61.562 .00029 j -64.872 64.844 ' 30.9720 ' 178.543 -14.4418 1.379 

4 65-2-9-11 .O 6.6124858 .166 - 81.989 .00025 -76.958 76.934 40.8915 177.300 - 4.5223 .136 

5 65-2-16-12.0 6.6118440 .060 -112.788 .00001 -30.762 30.809 47.7895 176.446 2.3757 - .718 

6 65-2-23.0 6.6123345 .138 -100.918 .00019 -82.895 82.879 54.8054 175.677 9.3916 -1.487 

7 65-3-2.0 6.6119364 .205 -118.912 .00034 1 -87.998 87.963 61.7382 175.021 16.3244 -2.143 

8 65-3-9.0 6.6123015 .074 - 71.138 .00020 -76.296 76.279 68.8539 174.130 23.4401 -3.034 

9 65-3-16.0 6.6120906 .355 -105.212 .00070 -96.150 96.072 75.7421 173.525 30.3283 -3.639 

I 

*See notes  in Table  1. 
**A number of a t t i tude and orbit inclination change maneuvers were performed on Syncom 2 between 14 January and 30 January 1965. These  did not appear to  affect  the 

mean motion of the sa te l l i t e  significantly. 
Resul ts  of l e a s t  squares  of data  in @ and @ above according to the theory of Equation 1: 

L = a l +  a 2 t  + a 3 t 2  + a 4 t 3  

a l  = -(0.4168 t 0.0244) degrees  

a2 = -(0.1166 t 0.0023) degree/day 

a3 = (4.409 & 0.505) x degrees/day2 

degrees/day3a4 = 44.131 ? 3.042) x 
Standard error of es t imate  = 0.0515' 
h(with minimum standard error) = (1.550 ? 0.175) x rad/sid. day2,  a t  t = -0.4507 day, t '= 44.9631 January 1965, L = -0.3634O, h = 176.801° ( s e e  Figure 6). 



Table 7s 

Ascending Equator Crossing Data from a Simulated Syncom 3 Trajectory for F r e e  Drift Arc 7 ,  
Computed by ITEM in the Presence of Earth Longitude Gravity*. 

0 
Geographic_ .  @ Longitude 

Right Longitude Time From of the 

Orbit Syncom 3 Semimajor 
Inclination, 

Ascension 
of the Eccentri-

Argument of Mean Time from 
of the 

Ascending 
January 
45.4138, 

Ascending 
Equator

Number 
7 s  

Tracking Epoch 
(yr-mo-day-hr-min UT) 

Axis, 

(earth 
a 
radii) 

i 
(degrees) 

Ascending 
Node 

city Per igee 
(degrees) 

Anomaly 
(degrees) 

1965.0 
(days) 

Equator 
Crossing, 

1965, 
t 

Crossing 
East  of 

(degrees) x (days) 177.1640 E, 
(degrees) L 

(deereesl 

1 

65-1-14-23-30.0 6.6127641 ,200 -64.894 .00030 - 98.417 98.416 15.0024 

65-1-30-13-10.0 6.6126603 .148 -63.708 .00025 -111.274 111.249 30.9658 

65-2-2-6.0 6.6125307 .140 -65.126 .00024 -117.018 116.994 33.9548 1.080 I 

65-2-9-11.0 6.6123492 .126 -66.027 .00030 -105.735 105.705 40.9356 .199 

65-2-16-12.0 6.6122952 . loo -67.046 .00021 -111.429 111.408 47.9160 - .645 

65-2-23.0 6.6122513 .091 -66.187 .00028 -116.269 116.241 54.9015 175.710 9.4877 -1.454 

65-3 -2.0 6.6121399 .071 -68.756 .00025 -119.829 119.804 61.8774 174.951 16.4636 -2.213 

65-3-9.0 6.6120920 .065 , -67.449 .00029 -104.308 104.279 68.8639 174.210 23.4501 -2.954 

65-3-16.0 6.6119327 1 .044 -70.595 .00023 ~ -115.776 115.755 75.8381 173.502 30.4243 -3.662 
I Average: 1 Average: 

6.612335 = a  0.109 = i 
S S 

Resul ts  of least  squares fit of data  in 0 and 0 above (Table  7s)  according to the theory of Equation 1: 

L = al  t azt t a3t2t a 4 t 3  a l  = -(3.4626 t 0.0182) x 10-l degrees a2  = -(1.1971 t 0.0017) x IO-' degrees/day 

a3 = (3.8156 i 0.0374) x degreedday '  a 4 = -(8.980 i 2.241) x lo-' degrees/day3 
Standard error of estimate = 0.00383 degree 

(measured, at  176.871') = (1.3289 i 0.0129) x rad/sid. day', at t = -0.4507 day, t = 44.9631 January 1965. 

i(rheoretica1) = 1.3546 x rad/sid. day', for a s  = 6.612335 earth radii, is = 0.109O, A = 176.871°, J z z  =-1.68 x ~ O - ~ ,A,, -18.0°.. 

Bias  = Theoretical - Measured = 1.3546 x -1.3289 x = t 0.0257 x rad/sid. day' 



Table 7S/1 

Ascending Equator Crossing Data f rom a Simulated Syncom 3 Trajectory for F r e e  Drift Arc 7, 
Computed by ITEM in the Presence of Earth Longitude Gravity*. 

0Geographic 
Longitude T i m e  

0 
From 

Longitude 
of the 

of the
Orbit Syncom 3 Semimajor 

nclination, T i m e  from Ascending January Ascending 

Number Tracking Epoch 
Axis, 

i 1965.0 
Equator 

45.4138, Equator 
a Cross ing7S/1- (yr-mo-day-hr-min UT: 

(earth radii) 
(degrees) (days)  Cross ing ,  1965, 

Eas t  of
A t 

(degrees)  (days)  L77.164O E 
L 

(degrees)-

1 65-1-14-23-30.0 6.6127641 .200 15.0002 180.836 -30.4136 3.672 

2 65-1-30-13-10.0 6.6126416 .148 30.9658 178.641 -14.4480 1.477. 

3 65-2-2-6.0 

4 65-2-9-11.0 

5 65-2-16-12.0 

6 65-2-23.0 

7 65-3-2.0 

8 65-3-9.0 

9 65-3-16.0 

6.6125089 .137 33.9547 178.262 -11.4591 1.098 

6.6123196 .126 40.9355 177.396 - 4.4783 .232 

6.6122585 . loo 47.9158 176.571 2.5020 - .593 

6.6122077 .091 54.9013 175.786 9.4875 -1.378 

6.6120897 .071 61.8771 175.054 16.4633 -2.110 

6.6120352 .065 68.8635 174.344 23.4497 -2.820 

6.6118698 .044 75.8376 173.671 30.4238 -3.493 
Average: Lverage: 
6.6123 = a  1.109=i 

S S 

* J 2 2  = -1.8 x A,, =-15.35O, J,, = -.16x A,, = t 24O,J31  = -1.5 x 10- x 3  = 0O, only ear th  longitude gravity 

used  in  th i s  simulation. Initial e lements  as in orbit 7s-1above. All other gravity cons tan ts  as i n  T a b l e  Al. 

Resu l t s  of least squares  fit of d a t a  in  @ and 0 above (Table7S/ l )accord ing  to the theory of Equation 1: 

L = a 1 t a2t t a3t2t a4t3 a ,  =-(3.0135 r .0178)x lo-’ degrees  a2  = -(1.1687f 0.00166)x lo-’ degrees/day 

a3 = (4.2397 t 0.0366)x degrees /day2  a4 = (9.599 t 2.192) x degrees /day3  

Standard error of estimate = 0.00375 degree 

i (measu red ,  with minimum standard error) = 1.4726 x lo-’ rad/sid. d a y 2 ,  at t = -0.4433 days ,  A = 176.915O. 

i ( t heo re t i ca l ,  from Equation2, for as = 6.6123 E.R., is = 0.109O, A = 176.915O) = 1.501 x lo-’ rad/sid. day2  

Estimated bias  in arc  S7/1 at A = 176.915 = theoret ical  - measured= 1.501 x lo-’-1.473 x lo-’ = 

0.028 x lo-’ rad/sid. day2  
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Figure 6-Measured and simulated orbit data at ascending Equator crossings in drift arc 7 (Syncom 3). 

Arc 9, Early Bird, 23 April 1965 - 21 June 1965 

The Communications Satellite Corporation's first 24-hour satellite, Early Bird, was launched 
in March 1965 and was brought to station at 30"W in late April 1965. Free gravity drift of this 
nearly geostationary satellite commenced on 23 April with the mean longitude at 30"W and the 
drift rate about +0.06 degree/day. Tracking has been maintained on nearly an around-the-clock 
basis since this time from the A.T. and T. facility at Andover, Maine. Figure 8 shows Early Bird 
reached a momentarily stationary configuration at 28" W in late June 1965. 

Extremely fine precision in defining the long term drift of this satellite has been achieved by 
averaging the results of a large number of daily subsatellite position determinations converted 
directly from simultaneous range, azimuth and elevation fixes on Early Bird from Andover. The 
technique of utilizing this large amount of directly observed data almost every day in arc  9 can be 
followed in Table 9. 
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Table 8 


Syncom 2 Mean Elements at the Tracking Epoch, and Related Data for Free Drift Arc 8*. 


Geographic 
Longitude 0 

of the  @ LongitudeRight 
Time from 

Ascending Time from of
EquatorOrbit 

Tracking 
Semimajor Axis,  Inclination, 

Ascension 
Argument Mean 

January crossing January 
Ascending 

Number 
Epoch 

(earth 
a 

radii)  
1 

of the 

(degrees) (degrees) 0.0,1965.0 
Tracking 

86.1612,1965, crossing
8-

(yr-mo-day-hr-
(degrees) 

Ascending 
Eccentricity of Per igee  Anomaly After 

Equator 

min, UT) Node 
(degrees) 

31.956 -50.539 

31.930 -50.539 

31.939 -50.630 

31.912 -50.905 

31.955 -50.921 

31.830 -51.104 

31.848 -51.053 

31.867 -51.414 


t Eas t  of(days) Epoch, 
(days) 66.6340 

.00075 -28.510 28.469 56.2412 67.733 -29.9200 1.099 

.00079 -25.098 25.060 62.2257 67.423 -23.9355 ,789 
,00076 -26.952 308.359 65.2177 67.270 -20.9435 .636 
.00069 -38.553 326.845 72.1986 67.007 -13.9626 ,373 
.00077 -18.507 18.479 88.1567 66.314 1.9955 - .320 
.00069 -19.366 329.612 95.1378 66.071 8.9766 - .563 
.00073 -11.053 328.269 102.1195 65.822 15.9583 - .812 
.00065 -29.162 353.146 109.0997 65.712 22.9385 - .922 

**1 65-2-25.0 6.6115151 
**2 65-3-3.0 6.6112551 
3 65-3-6.0 6.6112849 
4 65-3-13.0 6.6113429 

**5 65-3-29.0 6.6114858 
6 65-4-5.0 6.6111445 
7 65-4-12.0 6.6111334 
8 65-4-19.0 6.6110585 
9 65-4-26.0 6.6110267 

65-5-3.0 1- 6.6110035 

31.787 -51.420 .00063 -22.995 353.717 116.0811 65.534 29.9199 -1.100 
Average: Average: Data through orbit 8-9. 

6.611250=aS 31.892=iS 
10 31.80 7 4  -51.583 I .00061 I -22.243 359.897 123.0619 65.404 36.9007 -1.230 
11 65-5-10.0 1 6.6109407 0.731 I -51.665 I .00059 I -15.485 0.012 130.0428 65.288 43.8816 -1.346 

Data through orbit 8-11. 

"Mean (Brouwer) elements and longitude data a s  reported by GSFC Tracking and Data Systems Directorate (except a s  noted). Longitude data also reported by 

GSFC is at  the  first ascending Equator crossing pas t  the Syncom 2 tracking epoch. 

""Osculating elements and longitude data a t  the first ascending Equator crossing pas t  the tracking epoch (see  notes  in Table  1). 

Resul t s  of l eas t  squares  fit of data i n @  and @ above acording to the theory of Equation 1: (through orbit 8-9). 

L = a l  t a 2  t t a 3 t 2  t a 4 t 3  a l  = -(2.430 t 0.168) x 10-' degrees  a 2  = -(3.857 t 0.131) x lo-' degrees/day 

a 3  = (2.699 t 0.319) x lo4 degrees/day2 a 4  = (2.445 ?. 1.873) x degrees/day3 

Standard error of estimate = 0.0291 degree 

A(with minimum standard error) = (0.9566 t 0.1097) x rad./sid. day', a t  t = 0.7759 days,  t = 86.9371 January 1965, L = -0.273O, A = 66.361'. 

Revised data: (through orbit 8-11) 
L = a l  t a 2  t t a 3 t 2  t a 4 t 3  a l  = -(2.403 t .159) x lo-' degrees  a = -(3.741 ?. 0.0864) x lo-' degrees/day 

a 3  = (2.6082 L 0.2845) x degrees/day' a 4  = (5.471 i 9.487) x lo-' degrees/day3 

Standard error of estimate = 0.0280 degree 

A(with minimum standard error) = (0.9500 f .0616) x rad./sid. day', a t  t = 7.8135 days,  t l '=  93.9747 January 1965, h = 66.115'. 

( s e e  figure 7)  



Table 8s 

Ascending Equator Crossing Data From a Simulated Syncom 2Trajectory for Free Drift Arc 8, Computed by ITEM in the Presence of 
Earth Longitude Gravity*, 

Geographic Q
Right Longitude 0 Longitude 

Orbit 
Tracking Semimajor Axis, Inclination, Ascension Argument Mean Time from Of the Time ‘Iom Of the

of the
Number Epoch 

(earth 
a 

radii) 
i Ascending Eccentricity of Perigee Anomaly 1965.0 Ascending 861612,1965, AscendingEquator January Equatora - Cyrmcrday UT) (degrees) Node (degrees) (degrees) (days) crossin& t Crossine 

(degrees) A (days) East of 
(degrees) 66.634’. 

L 
(degrees) 

L 

1 65-2-25.0 6.6114062. 31.956 -50.538 .00075 -28.528 28.488 56.2412 67.735 -29.9200 1.101 

2 65-3-3.0 6.6114759 31.936 -50.611 .00075 -25.625 25.588 62.2254 67.456 -23.9358 322 

3 65-3-6.0 6.6112778 31.925 -50.663 ,00070 -27.225 27.188 65.2175 67.321 -20.9437 .687 

4 65-3-13.0 6.6114573 31.913 -50.770 .00079 -24.836 24.798 72.1990 66.993 -13.9622 .359 

5 65-3-29.0 6.6113880 31.871 -51.015 ,00075 -25.549 25.512 88.1565 66.318 1.9953 - .316 

6 65-4-5.0 6.6110762 31.853 -51.142 .00070 -29.586 29.547 95.1377 66.048 8.9765 - .586 

7 65-4-12.0 6.6112985 31.839 -51.239 .00076 -20.941 20.910 102.1191 65.770 15.9579 - .864 

65-4-19.0 6.6110384 31.826 -51.369 .00071 -26.757 26.721 109.1003 65.525 22.9391 -1.109 

65-4-26.0 	 6.6112287 31.816. -51.462 I .00074 1 -25.117 , 25.081 116.0816 65.291 29.9204 -1.343 
Average: Average: 
6.611289=a 31.882=i
kl s 

‘J 2 2  = -1.68 I 1V6,A,, = -18°0nly earth longitude gravity used in this simulation. All other gravity constants as  in Table AI. 

Results of least squares fit of data in @ and @ above according to the theory of Equation 1: 

L = a l  + a2 t  + a3t’ + a,t3 

a l  = 42.337 f 0.0336) x lV1 degree 

a 2  = -(4.126 f 0.0262) x IO-’ degrees/day 

a3  = (1.264 f 0.0638) x IO-‘ degrees/day‘ 

a, = (4.151 f 3.743) x IO-’ degrees/day3 

Standard error of estimate = 0.00581 degree 
A (measured) = (0.4421 f 0.0219) I lV5rad/sid. day’, for t = 0.7759 day, t’ = 86.9371 Jan. 1965, L = -0.266O, A = 66.368O 
h (thencetical, from Equation 2, in= 31.882’, A = 66.3684 JZ2 = - 1 . 6 8 ~ 1 0 - ~ ,A z z  = -18.0°)= (0.4560) x IO-’ rad/sid. day’, for a, = 6.611289 earth radii. 
Estimate of measured bias due to sun-moon perturbations and JZz model error (exclusive of higher order longitude gravity effects) in A a t  t = 0.7759 days in Syncom 2 arc 8, on 

January 86.9371, 1965: Bias = theoretical-measured 
= 0.4560 x IO-’ -0.4421 x IO-’ 

e .  
= +0.0139 x rad/sid day’ 



Table 8S/1 

Ascending Equator Crossing Data F r o m  a Simulated Syncom 2 Trajectory fo r  F r e e  Drift Arc 8, 
Computed by ITEM in the Presence of Earth Longitude Gravity*. 

Tracking 
Epoch 

(yrmo-day UT) 

65-2-25.0 
65-3-3 .O 
65-3-6.0 
65-3-13.0 
65-3-29.0 
65-4-5.0 
65-4-12.0 
65-4-19.0 
65-4-26.0 
65-5-3.0 
65-5- 10.0 

Semimajor Axis, 

a 


(earth radii) 


6.6114053 
6.6 114581 
6.6112516 
6.6 114112 
6.61129 59 
6.6109642 
6.6111669 
6.6108871 
6.6110582 
6.6107742 
6.61 09303 

4verage : 
$.611146=a 

S 


0 
Geographic 0 

Longitude 
Longitude of the 

of the Time from Ascending
Inclination, 

i 
(degrees) 

1965.0 
(days) 

Equator 
Crossing, 

36.1612, 1961 
t 

Crossing 
East of 

A (days) 66.6340, 
(degrees) L 

(degrees) 

.956 56.2412 67.735 -29.9200 1.101 

.936 62.2254 67.460 -23.9358 .826 

.925 65.2174 67.331 -20.9438 .697 

.913 72.1989 67.023 -13.9623 .389 

.871 88.1561 66.438 1.9949 - .196 

.853 95.13 72 66.226 8.9760 - ,408 

.839 102.1 184 66.018 15.9572 - .616 
,827 109.0994 65.853 22.9382 - .781 
.816 116.0804 65.711 29.9192 - .923 
.805 123.0613 65.597 36.9001 -1.037 
.792 130.0422 65.492 43,8810 -1.142 

Time from 
Ascending January Equator 

Average : 
31.867 =i  

S 

J B 1  = -1.5 x 

A,, = O o  

*J2’ = -1.8 x J,, = -0.16 x 

Azz = -15.35O A,, = 24O 

& l y e a r &  longitude gravity used in this simulation. Init ial  e lements  as in orbit  8s-1above. A l l  other gravity cons tan ts  

a s  in Tab le  A l .  

Resul t s  of l e a s t  squares  f i t  of data i u  0 and @ above according to the theory of Equation 1: 


L = a, + a 2 t  + a3t’ + a 4 t 3  

a l  = -(1.2826 f 0.0336) x lo-’ degrees  

a 2  = -(3.4062 f 0.0183) x lo-’ degrees/day 

a 3  = (2.4390 f 0.0601) x loA4degrees/day’ 

a, = (1.826 * 2.005) x lo-’ degrees/day3 

Standard error of est imate  = 0.00591 degree 

(with minimum standard error) measured = 0.8616 x IO-’ rad/sid. day’, a t  66.2554 on 93.9747 January 1965. x (theoretical ,  from Equation 2, is = 31.87O, A = 66.2559= 0.884 x IO-’ rad/sid. day’, for a s  = 6.61115 earth radii. 
Est imated bias in a r c  8S/1 a t  h = 66.255O 

= theoretical-measured 

= 0.884 x lo-’ -0.862 x lo-’ = 4 . 0 2 2  x rad/sid. day’ 
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Figure 7-Measured and simulated orbit data in free drift arc 8 (Syncom 2). 
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In the first three columns of that table, the densely observed reference orbit ground track of 
Early Bird for 23 April is listed. The theory of 24-hour satellite drift used in this report refer­
ences such drift specifically to the ascending Equator crossing of the satellite (see References 2 
and 3, for example). However, the results apply equally well to orbit averaged drift from any 
nodal argument. If the satellite suffered no orbit perturbations, an orbit period would be specified 
precisely by the time between two similarly directed latitude passes. Thus, we can measure the 
24-hour orbit longitude drift by comparing a given measured longitude-latitude point in an actual 
orbit with its longitude in the reference orbit by way of the indicated latitude. Unfortunately, 
perturbations caused the inclination of Early Bird to grow by about 100%in the two months of 
arc  9. For a large number of measured ground points in this history of Early Bird, there was 
no clear reference latitude match to indicate orbit longitude drift. This problem was especially 
aggravated by the preponderance of Early Bird observations at the maximum north and south 
points. Fortunately, the observation time alone provides a second and always clear reference 
orbit match criteria, even in the presence of perturbations, providing the orbit period (nodal) is 
reasonably well known. In the case of Early Bird in the spring of 1965, the nodal period is obvi­
ously close to synchronous, o r  one revolution in about 4 minutes short of 24 hours. Thus, the 
reference orbit longitude which corresponds toN number of orbit periods from the observed 
longitude occurs at a reference orbit time approximately 4N minutes later in the day than the 
observed longitude for a nearly synchronous satellite. Many of the comparative longitude match­
ings in Table 9 were made solely on this daily orbit time basis, especially where the observations 
were in the maximum north and south regions. Near equatorial observations were generally 
matched by both methods and an average reference longitude is listed in Table 9 for these cases. 
It is noted that the observed reference orbit ground track is "biased" north by about 0.06'. Most 
of this bias is probably due to e r ror  in the Andover antenna altitude calibration. A similar bias 
in the azimuth calibration would shift the mean longitude of the satellite by a small constant 
amount, insignificant in this acceleration analysis. 

The average of the days estimated drift from the reference orbit is then applied to the 
ascending Equator crossing longitude in the reference orbit, to arrive at an estimated ascending 
Equator crossing longitude for that day (see Table 9). The subsequent acceleration analysis of 
this derived crossing data follows the same technique as used in the other slow drift arcs  (1, 2, 
6,7, and 8). The average semimajor axis for Early Bird during a rc  9 was not observed but 
inferred from the closely fitting simulated trajectory of orbit 9S/1 (Table 9S/1). The north-south 
excursion in  the observed reference orbit (Table 9) gave a nominal value of 0.14' for the initial orbit 
inclination of Early Bird. The average orbit inclination in this arc  was also inferred from the 
close simulated trajectory of orbit 9S/1. 

The results of the acceleration analysis on the actual data and on the simulated data a re  found 
in Tables 9, 9s  and 9S/1, and also summarized in Tables 10 and 11in the next section. 
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Table 9 


Ground Track and Related Ascending Equator Crossing Data for Free Drift Arc 9 (Early Bird)* 


Ground Track Reference Orbit Data 

Geographic 
Time Latitude Longitude 

April 
ay HI west) 
13 

2 .15 30.04 
3 .14 30.045 
3 .13 30.05 
3 .12 30.05 
4 .ll 30.05 
4 .10 30.055 
4 .09 30.06 
5 .08 30.065 
5 .07 30.065 
5 .06 30.07 
6 .05 30.075 
6 .04 30.075 
6 .03 30.075 
6 .02 30.08 
7 .01 30.08 
7 .oo 30.08 
8 -.01 30.075 
8 -.02 30.075 
8 -.03 30.075 
9 -.04 30.075 
9 -.05 30.075 
10 -.06 30.07 
11 -.07 30.06 
11 -.075 30.06 
12 -.07 30.05 
12 -.06 30.04 
13 -.05 30.035 
14 -.04 30.025 
14 -.03 30.015 
15 -.02 30.01 
15 -.01 30.01 
15 -.oo 30.005 
16 .01 29.995 
16 .02 29.995 
17 .03 29.99 
17 .04 29.985 
17 .05 29.98 
18 .06 29.98 
18 .07 29.975 
18 .08 29.975 

-. 18 .09 29.97 

1965) (degrees) (degrees 

** 
:omparative Drift Estimated Time of Time 

Longitude mgitude in from Ascending kending rsid. dayTime Latitude (degrees Reference Zeference Equator Equator IntegersDay Hr (degrees) west) Orbit Orbit Crossing Crossing From 23
(degrees :degrees Longitude luring Day: April

west) east) (degrees 3stimate 1965)
west) (hours) 

(April 1 1) 
23 - -.oo 30.005 30.005 0.00 30.005 15.8 
24 2 .15 29.98 30.04 0.06 

3 -13 29.99 30.05 0.06 
6 .035 30.015 30.075 0.06 
11 -.07 

15 -.02 

19 +.115 


26 6 .05 

10 -.07 

14 -.04 

18 .07 

22 .18 


27 6 .03 

13 -.07 

18 .08 

24/1 .19 


28 6 .04 

12 -.07 

18 .08 

24/1 .19 


29 6 .03 
12 -.07 
17 .03 

30 2 .17 

6 .04 

13 -.07 

19 .02 


(May 1965) 
1 3  .14 

6 I .02 

2	 2 .15 

9 -.07 


30.00 30.06 0.06 
29.95 30.01 0.06 
29.90 29.96 0.06 

avg: 0.06 29.945 16 
29.90 30.075 .175 
29.895 30.065 .170 
29.85 30.025 .175 
29.81 29.975 .165 
29.79 29.96 .170 

avg: .170 29.835 16 
29.845 30.075 .230 
29.83 30.045 .215 
29.75 29.975 .225 
29.74 29.97 .230 

avg: .225 29.780 16 
29.785 30.075 .290 
29.77 30.05 .280 
29.70 29.975 .275 
29.685 29.97 .285 

avg: .285 29.7211 16 
29.74 30.075 .335 
29.72 30.05 .330 
29.65 29.99 .340 

avg: .335 29.670 16 
29.66 30.04 .380 
29.685 30.075 .390 
29.67 30.045 .375 
29.61 29.98 .370 

avg: .380 29.625 16 

29.615 30.045 .430 
29.64 30.08 .440 

avg: .435 29.5711 15 
29.57 30.04 .470 
29.59 30.407 .480 

avg: .475 29.5311 15­

7esults of least squares fit of data in 0 and @ (pages 47-48) according to the theory of Equation 1: 
L = a ,  + a2t + agtZ+ a4t3 

I ,  = (3.6180 t 0.01023) x IO-‘degrees a’ = -(4.127 t 0.0279) x IO-‘ degrees/sid. day‘ 

x z  = (3.202 t 0.0107) x IO-’ dcgrees/sid. day a4  = (1.039 t 1.799) x 1W7dcgrces/sid. day’ 

Standard error of estimate = 4.95 x degrees 
h(with minimum standard error) = -(1.4408 t 0.0097) x rad/sid day‘, a t  t = -0.3003 sid. day, t ‘E 22 May 1965, A = -28.703O. 

*Ground track (subsatellite poinr) information on Early Bird, from Andover Maine Tracking, supplied through the Offices of 
Robert Greenr, Comsat Corp., Washington, D.C. 

**Calculated a s  30.005O minus average drift from the reference orbit. 
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Ground Track and Related Ascending Equator Crossing Data fo r  F r e e  Drift Arc 9 (EarlyBird)* 
~ -~ 

** 
Ground Track Reference Orbit Data Comparativ Drift Estimate Time of 

(May 196.51 Longitude ir from Ascendir Ascendin1 Time 

Geographic Time Latitude Longitudi Reference Reference Equator Equator 	 (sid. day 
integersTime Latitude Longitude Day HI (degrees) (degrees Orbit Orbit Crossing Crossing 
from 23(April 1965) :degrees) (degrees west) (degrees (degrees Longitudt luring Day 
AprilDay HI west) wes t )  ea s t )  (degree Estimate 

23 west) (hours) 1965) 
~ -

19 .10 29.97 4 6 .01 29.49 30.08 .585 
19 .11 29.965 12 -.08 29.46 30.055 .590 
19 .12 29.96 21  .185 29.38 29.96 .575 
20 .13 29.955 24/( .20 29.40 29.97 .570 
20 .14 29.955 avg: .580 29.42; 15  11 
20 .15 29.95 5 6 .oo 29.44, 30.08 .635 
21 .16 29.955 12 -.09 29.42 30.05 .630 
21 .17 29.955 24/6 .19 29.35 29.97 .620 
22 .18 29.96 avg: .630 29.37! 15 12 
23 .19 29.965 6 6 .005 29.40 30.08 .680 

23/24 24/C .18 29.97 avg: .680 29.32! 15 13 
24 1 .17 29.975 7 9 -.Of35 29.35 30.07 .720 

2 .16 29.98 avg : .270 29.28! 15 14 
2 .15 29.98 8 22 .22 29.201 29.965 .760 

avg : .760 29.24! 15 15 
0 8 -.075 29.23 30.07 .840 

24/0 .21 29.13 29.97 .840 
avg : .830 29.16: 15 17 

1 7 -.035 29.18 30.075 .895 
24/0 .21 29.08: 29.97 .885 

avg : .890 29.11: 15  18 
2 8 -.065 29.14 30.07 -930 

24/0 .215 29.04: 29.97 .925 
avg : .930 29.07: 15 19 

3 8 -.075 29.10: 30.065 .960 
24/0 .205 29.01 29.965 .955 

avg : .960 29.045 15 20 
4 8 -.08 29.065 30.075 1.010 

24/0 .21 28.97 29.97 1.00 
avg : 1.005 29.000 15  21 

5 8 -.09 29.02 30.075 1.055 
24/0 .21 28.93 29.965 1.035 

avg : 1.045 28.960 15 22 
5 8 -.lo 28.985 30.065 1.080 

24/0 -21 28.895 29.97 1.075 
avg : 1.080 28.925 15 23 

3 8 -.11 28.91 30.065 1.155 
23 .225 28.81 29.97 1.160 

avg: 1.155 28.850 14 25 
j 8 -.12 28.87 30.065 1.195 

24/0 .2 1 28.74 29.97 1.230 
25/1 .18 28.79 29.975 1.185 

avg : 1.190 28.815 14 26 
~~ . 

Resul t s  of l e a s t  squares  f i t  of da ta  in @ and @ (pages 47-48) according to the theory of Equation 1: 
L = a ,  t a p t  t a 3 t 2  t a /  

a ,  = (3.6180 t 0.01023) x lO-’degrees a 3  = -(4.127 t 0.0279) x degrees,$id. day2  

a2 = (3.202 t 0.0107) x lo-‘ degrees/s id .  day a 4  = (1.039 t 1.799) x lO-’degrees/sid. day” 

Standard error of est imate  = 4.95 x lo-” degrees  

h(with minimum standard error) = -(1.4408 t 0.0097) x lo-’ rad/s id  day2, at t = -0.3003 sid.  day, t ‘= 22 May 1365, A = -28.703O. 

*Ground track ( subsa te l l i t e  point) information on Early Bird, from Andover Maine Tracking, suppl ied through the Offices of 
Robert Greene, Comsat Corp., Washington, D.C. 

**Calculated a s  30.005O minus average drift  f rom the reference orbit. 
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Table 9 (Cont.) 


Ground Track and Related Ascending Equator Crossing Data for Free Drift Arc 9 (Early Bird)* 


May 1965) 

Time 


Day Hr. 


20 8 

24/0 


21 8 


22 2 

8 

24/0 


23 8 


24 8 


25 2 

8 

23 


26 8 

23 


27 8 

25/1 


28 8 

24/0 


29 8 

23 


30 8 

24/0 


31 8 

25/1 


[June 1965 

-atitude 
legrees) 

-.12 

205 


-.115 


.145 

-.13 

205 


-.135 


-.14 


.12 

-.14 

.23 


-.14 

225 


-.14 

.165 


-.145 

-.205 


-.15 

225 


-.15 

.19 


-.15 

.17 


Longitude 
(degrees 

west) 

28.835 

28.75 


28.80 


28.73 

28.765 

28.685 


28.73 


28.70 


28.64 

28.67 

28.58 


28.635 

28.555 


28.605 

28.545 


28.585 

28.51 


28.55 

28.485 


28.53 

28.465 


28.50 

28.445 


Computed 
Longitude in 
Reference 

Orbit 
(degrees 

west) 

30.065 

29.97 

avg: 
30.065 

avg : 
30.045 

30.065 

29.975 

avg : 
30.065 

avg : 
30.065 

avg : 
30.05 

30.065 

29.97 

avg: 
30.065 

29.97 

avg: 
30.065 

29.98 

avg: 
30.065 

29.975 

avg: 

30.065 
29.97 
avg : 
30.065 
29.975 
avg: 
30.065 
29.98 
avg : 

Drift from 
hference 

Orbit 
(degrees 

east) 

1.230 

1.220 

1.225 

1.265 

1.265 

1.315 

1.300 

1.290 

1.300 

1.335 

1.335 

1.365 

1.365 

1.410 

1.395 

1.390 

1.400 

1.430 

1.415 

1.425 

1.460 

1.435 

1.450 

1.480 

1.465 

1.475 


1.515 

1.485 

1.500 

1.535 

1.510 

1.525 

1.565 

1.535 

1.550 


** 
Zstimsted 
Ccending 
Equator 
Crossing 
angitude
(degrees

west) 

28.780 


28.740 


28.705 


28.670 


28.640 


28.605 


28.580 


28.555 


28.530 


28.505 


28.480 


28.455 


~~ 

Time of 
Ascending 
Eplator 
crossing 
luring Day: 
Estimate 
(hours) 

Time 
(sid. day 
integers 
from 23 

April 
196s) 

0 
Ascending

Epator
Crossing
Longitude
East of 

-29.05S0, 
1 

(degrees) 
~ 

-.950 
-.890 

14 27 -.780 
-.725 

14 28 -.665 
-.615 
-.570 
-.515 

14 29 -.475 
-.370 

14 30 -.320 
-.270 

14 31 -.230 
-.190 
-.110 
-.060 

14 32 -.020 
+.010 
+.055 

14 33 .095 
.130 
205 

14 34 .240 
275 
.315 

14 35 .350 
.385 
,415 
.450 

14 36 ,475 
.500 
-525 

14 37 .550 
.575 
.600 

14 38 .625 
.650 

0 
Time from 
23.6583 

April 1965 
t295 


Sid. Days, 
t 

sid. days) 

-29.5 

-28.5 

-26.5 

-25.5 

-24.5 

-23.5 

-22.5 

-21.5 

-20.5 

-18.5 

-17.5 

-16.5 

-15.5 

-14.5 

-12.5 

-11.5 

-10.5 

- 9.5 
- 8.5 
- 7.5 
- 6.5 
- 4.5 
- 3.5 
- 2.5 
- 1.5 
- 0.5 
+ 0.5 
+ 	1.5 
2.5 
3.5 
4.5 
5.5 
6.5 
7.5 
8.5 
9.5 
10.5 


Results of least squares fit of data in 0 and @ above according to the theory of Equation 1: 
L = a l  t apt t a,tp t a$ 

R~ = (3.6180 i 0.01023) x IO-'degrees a, = 44.127 f 0.0279) x IO-' degrees/sid; day' 

= (3.202 i 0.0107) x IO-' d e g r e d s i d .  day a. = (1.039 t 1.799) x lO-'degrees/sid. day' 

Standard error of estlmnte = 4.95 x lo-' d.egrees 

XCwW minimum scaodard erra) = -(1.4408 t 0.0097) x lo-' rad/sid day', at t = -0.3003 sid day, t ' =  22 May 1%5, A = -28.703O. 
*Ground track (subsatellite point) inforiation on Early Bird, from Andover k i n e  Tmckin8, supplied thtou8b the Offices of 
Robert Greene, Comsat Corp., Wasbingoo, D.C. 

**Calculated as 30.005O s i n u s  a v e n p  drift from the reference orbit. 
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Longitude 

Table 9 (Cont.) 

Ground Track and Related Ascending Equator Crossing Data for Free Drift Arc 9 (Early Bird)* 
- ­~~ 

** 
Time of 0

Computed Drift from 
Estimated Time Time 

0 
from AscendingUune 1965) 

Latitude Longitude Longitude in Reference Ascending Ascending (sid. day 23.6583 EquatorTime Equator Equator integers April 1965 Crossing
Day Hr (degrees) (degrees Reference Orbit Crossing Crossing from 23 + 29.5Orbitwest) 

(degrees (degrees Longitude luring Day: April Sid. Days, East of 
Estimate t -29.055 

~ -. 
east) (degrees) 

1 8 -.16 28.475 30.07 1.595 11.5 ,670 
24/0 .185 28.42 29.975 1.555 14.5 .745 

avg: 1.575 28.430 14 39 15.5 .760 
2 8 -.17 28.45 30.065 1.615 16.5 .780 

23 .24 28.385 29.97 1.585 17.5 2300 
avg: , 1.600 28.405 14 40 22.5 .E70 

3 9 -.175 28.425 30.06 1.635 25.5 .916 
25/1 .135 28.38 29.985 1.605 27.5 .930 

avg: 1.620 28.385 14 41 29.5 .950 

west) 
east) (degrees 

(hours) 
1965) (sid. days) 1 

6 9 -.18 28.35 30.06 1.710 

avg (est.) 1.695 28.310 14 44 

7 9 -.18 28.335 30.06 1.725 

24/0 205 28.285 29.98 1.695 


avg: 1.710 28.295 14 45 
8 8 -.18 28.325 30.06 1.735 


23 .255 28.255 29.975 1.720 

avg: 1.730 28.275 13 46 

9 9 -.18 28.305 30.06 1.755 

23 .255 28.240 29.98 1.740 


avg: 1.750 28.255 13 47 
10 10 -.18 28.29 30.025 1.735 


24/0 .215 28.225 29.99 1.765 

avg: 1.750 28.255*** 13 48 

14 8 -.20 28.23 30.05 1.82 

avg: 1.82 28.185 13 52 

15 10 -.15 28.225 30.025 1.80 

24/0 .18 28.23 29.995 1.765 


avg: 1.785 28.22*** 13 53 
16 24/0 .27 28.115 29.985 1.870 


avg: 1.870 18.135*** 13 54 
17 9 -.21 28.21 30.04 1.830 


23 .32 28.085 29.98 1.895 

avg: 1.875 28.140 13 55 

18 9 -.25 28.215 30.045 1.830 

21 .32 28.09 29.97 1.880 


avg : 1.855 28.150*** 13 56 
19 9 -.19 28.155 30.035 1.880 


23 .25 28.095 29.98 1.885 

avg: 1.880 28.125 12 57 

21 9 -205 28.135 30.035 1.900 

avg : 1.900 !8.105 12 59 

~~ 

Results gf least squares fit of data in 0 ind @ above according to the theory of Equation 1: 
L = a ,  + aZt  + a3t' + a,t3 

' a ,  = (3.6180 t 0.01023) x 10"degrees a t  = 44.127 t 0.0279) x lo-, degrees/sid. day' 

a' = (3.202 i 0.0107) x lo-' degreedsid.  day a. = (1.039 t 1.799) x lO"degrees/sid. day3 

Standard error ofestimate = 4.95 x degrees 

A(witb minimum standard erior) = -(1.4408 i 0.0097) x lo-' rad/sid day', at t =-0.3003sid. days, t ': 22 May 1965, A = -28.703O. 
Ground track (subsatellite point) information w Early Bird, from Andover Maine Tracking, supplied through the Offices of 
Robert Greene, Cansat Corp., Washingron, D.C. 

**Calculared a s  30.005O minus average drift from &e  reference ab i r .  
***Data not used in acceleration analysis as inclusion gives unacceptably large residuals f a  this arc. 



Table 9s 

Ascending Equator Crossing Orbit Data f rom a Simulated Early Bird Trajectory for F r e e  Drift Arc 9, with Earth Longitude 
Gravity through Second Order*. 

0 0 
Longitude Time Time from Longitude 

O f t h e
of the 23.6583Time. Semimajor Axis. Ascending (aid. day 

April 1965 
A3Cendi.E 

(April 1965) Equator 
Day Hour (earth 

a 
radii) 

Eccentricity Equator integers 
+29.5 sid. days, Crossingfmm 23Crossing 

April 1965) t East of 
(desees)  (Sid dam) -29.05F. 

1 
(degrees) 

23-15.8 6.6101480 0.140 .00035 -30.000 0 -29.5 -.945 
24-15.8 6.6101187 0.141 .00034 -29.941 1 -28.5 -.E86 
26-15.7 6.6101023 0.143 .00032 -29.828 3 -26.5 -.773 
21-15.7 6.6101270 0.144 .00032 -29.113 4 -25.5 -.718 
28-15.6 6.6101804 0.144 .00032 -29.119 5 -24.5 -.664 
29-15.5 6.6102611 0.145 .00034 -29.661 6 -23.5 -.612 
30-15.5 6.6103512 0.146 .00035 -29.616 I -22.5 -.561 
(May 1965) 
1-15.4 6.6104416 0.149 .00037 -29.565 8 -21.5 -.510 
2-15.3 6.6104814 0.152 .00038 -29.515 9 -20.5 -.460 
4-15.2 6.6104221 0.161 .00036 -29.413 11 -18.5 -.358 
5-15.1 6.6103416 0.165 .00033 -29.362 12 -11.5 -.307 
6-15.1 6.6102623 0.169 .00031 -29.311 13 -16.5 -256 
1-15.1 6.6102046 0.171 .00030 -29.261 14 -15.5 -206 
8-15.1 6.6101804 0.113 .00030 -29.212 15 -14.5 -.157 
10-15.0 6.6102312 0.176 .00033 -29.118 11 -12.5 -.063 
11-15.0 6.6102955 0,116 .00035 -29.073 18 -11.5 -.018 
12-14.9 6.6103682 0.177 .00038 -29.030 19 -10.5 +.025 
13-14.8 6.6104361 0.119 .00040 -28.988 20 - 9.5 +.OW 
14-14.7 6.6104899 0.182 .00041 -28.946 21 - 8.5 .109 
15-14.6 6.6105205 0.185 .00041 -28.904 22 - 7.5 .151 
16-14.6 6.6105278 0.189 .00041 -28.861 23 - 6.5 .194 
18-14.5 6.6104863 0.196 .00040 -28.7 74 25 - 4.5 2 8 1  
19-14.4 6.6104493 0.200 .00038 -28.730 26 - 3.5 .325 
20-14.4 6.6104093 0.203 .00031 -28.681 27 - 2.5 .368 
21-14.4 6.6103715 0.206 .00036 -28.644 28 - 1.5 .411 
22-14.3 6.6103412 0.208 .00034 -28.602 29 - 0.5 .453 
23-14.3 6.6103236 0.209 .00033 -28.562 30 + 0.5 .493 
24-14.3 6.6103243 0.211 .00033 -28.522 31 + 1.5 .533 
25-14.2 6.6103491 0.211 .00032 -28.484 32 2.5 .511 
26-14.1 6.6104025 0.213, .00033 -28.447 33 3.5 .608 
21-14.1 6.6104817 0.214 .00034 -28.410 34 4.5 6 4 5  
28-14.0 6.6105750 0.217 .00036 -28.374 35 5.5 .681 
29-13.9 6.6106568 0.220 .00038 -28.339 36 6.5 .116 
30-13.8 6.6106987 0.224 .00038 -28.304 31 1.5 .151 
31-13.1 6.6106832 0.229 .00031 -28.269 38 8.5 .186 
(June 1965) 
1-13.7 6.6106113 0.234 .00035 -28.234 39 9.5 .E21 
2-13.7 6.6105271 0.238 .00033 -28.199 40 10.5 .E56 
3-13.1 6.6104437 0.242 .00031 -28.163 41 11.5 .E92 
6-13.6 6.6103943 0.249 .00032 -28.064 44 14.5 .991 
7-13.5 6.6104430 0.250 .00034 -28.034 45 15.5 1.021 
8-13.5 6.6105081 0.251 .00031 -28.005 46 16.5 1.050 
9-13.4 6.6105763 0.253 .00039 -21.911 47 11.5 1.018 
14-13.0 6.6106906 0.270 .00040 -21.837 52 22.5 1.218 
17-12.9 6.6105811 0.281 .00036 -27.751 55 25.5 1.3 04 
19-12.9 6.6105121 0.286 .00034 -27.697 57 21.5 1.358 
21-12.8 6.6104912 0.289 .00032 -21.648 59 29.5 1.407 

Average: Average : 
6.610410=a 0.200=i 

. . . .*Computed by ITEM with gravity constanLI the same as in Tahlc Ai virh the addition of I earth constants: J,, = -1.68 I A,, 
The other initial elemeotg of this a h i t  besides those h t c d  in the top l ioc are: argument ofperigee =On. mean anormly "OD. longitude of launch =30° West. 

Results of  least squarer fit  of  dam in @ *ad @ above according to the theory of Equntion 1: 

L = a, + a 2 t+ a3t2 + a,? 

a1 = (4.7042 f 0.00667) I lo-' degrees, 8 ,  = (3.9577 f 0.00695) I lo-' degrees/rid. day 

n3 = -(2.7366 f 0.01821) x IO-' degrces/sid. day', a,= (1.039 f 1.799) x IO-' d c g e c s / r i d .  &y'. Standard error of estimate E 3.23 I lo-' degrees. 

i(measured) = -(0.9559 f 0.0064) I IO-' rad/sid. day', at h = -28.597'n.d t = -0.3003 days 
h (rhcorcricsl, from Equation 2)= -0.9877 I lo-' rad/sid. &y2, for a, = 6.61041 earth radii, i ,  - 0.2". h = -28.5974 J 1 2  = -1.68 I IOv6, A,, = -18.09 

Bias = theoretical-measured 
= (-0.9877) I lo-' - (-0.9559)I lo-' 
= -(0.0318) I 10" rad/rid. day' 
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Table 9 s A  

Ascending Equator Crossing Orbit Data from a Simulated Early Bird Trajectory for Free Drift Arc 9 
Computed by "ITEM" with Earth LongitudeGravity Through Third Order.* 

0 Q 

Semimajor Axis, 
a 

(earth mdii) 

hdinatim 

(d-) 
I 

h g i t o d e  of the 
Ascending Equator Closing 

(-4 

Time 
(sidetcai day integers 

fmm 23 April 1965) 

Time t o m  23.6583 
April 1965 t 29.5 

Sid. Days, 
t 

(sid. days) 

Langitoae of the 
Ascending Equator Crossing 

East of 
-29.017° 

1 
( d w e s )  

6.6101480 .140 -30.000 0 -29.5 -.983 
6.6101214 .141 -29.941 1 -28.5 -.924 
6.6101100 .143 -29.829 3 -26.5 -.a12 
6.6101374 .144 -29.775 4 -25.5 -.758 
6.6101937 .144 -29.722 5 -24.5 -.705 
6.6102773 .145 -29.671 6 -23.5 -.654 
6.6103750 .147 -29.621 7 -22.5 -3504 
6.6104624 .149 -29.572 8 -21.5 -.555 
6.6105106 .152 -29.524 9 -20.5 -.507 
6.6104513 .161 -29.427 11 -18.5 -.410 
6.6103728 .165 -29.378 12 -17.5 -.361 
6.6102961 .169 -29.330 13 -16.5 -.313 
6.6102414 .171 -29.282 14 -15.5 - 2 6 5  
6.6102194 .173 -29.236 15 -14.5 - 2 1 9  
6.6102767 .175 -29.149 17 -12.5 -.132 
6.6103427 .176 -29.108 18 -11.5 -.091 
6.6104180 .177 -29.069 19 -10.5 -.052 
6.6104895 .179 -29.031 20 - 9.5 -.014 
6.6105452 .182 -28.994 2 1  - 8.5 +.023 
6.6105787 .185 -28.956 22 - 7.5 +.061 
6.6105884 .188 -28.918 23 - 6.5 +.099 
6.6105524 .196 -28.842 25 - 4.5 +.175 
6.6105180 2 0 0  -28.803 26 - 3.5 +.214 
6.6104808 2 0 3  -28.766 27 - 2.5 +.251 
6.6104460 206 -28.729 28 - 1.5 +.288 
6.6104184 2 0 8  -28.694 29 - 0.5 +.323 
6.6104035 2 0 9  -28.660 30 + 0.5 1.357 
6.6104067 211 -28.627 3 1  + 1.5 +.390 
6.6104345 211 -28.595 32 + 2.5 +.422 
6.6104905 2 1 3  -28.565 33 + 3.5 +.452 
6.6105730 2 1 4  -28.536 34 + 4.5 +.481 
6.6106686 2 1 7  -28.508 35 + 5.5 +.509 
6.6107537 2 2 0  -28.480 36 + 6.5 +.537 
6.6107980 2 2 4  -28.453 37 + 7.5 +.564 
6.6107854 2 2 9  -28.427 38 + 8.5 +.590 
6.6107224 2 3 4  -28.400 39 + 9.5 +.I517 
6.6106350 2 3 8  -28.374 40 C10.5 +.643 
6.6105545 2 4 2  -28.347 4 1  +11.5 +.670 
6.6105136 2 4 9  -28.276 44 +14.5 +.741 
6.6105652 2 5 0  -28.256 45 +15.5 +.761 
6.6106331 2 5 1  -28.238 46 +16.5 +.779 
6.6107041 2 5 3  -28.220 47 +17.5 +.797 
6.6108330 2 7 0  -28.135 52 +22.5 +.E82 
6.6107324 2 8 1  -28.085 55 +25.5 +.932 
6.6106693 2 8 6  -28.057 57 +27.5 + . S O  
6.6106604 2 8 9  -28.033 59 +29.5 +.984 
Average: Average: 

6.6105 = a_ 0.200 = i 
3-__ 

I the addition of the earth c o n s t a ~ t ~ :  
J, ,  = - 1 . 8 ~ 1 0 ' ~  J,, = -0.16 x IO-6 J,, = - 1 . 5 ~ 1 0 - ~  

A,, = -15.35' A,> = 24' As ,  = oo 
The initial clemenrs of this uajectory, aside from chose listed in the top line a m  rhc same as those in the top line of Table 9s. 
Resulrr of least squares fit of rhc data in @and 0 according IO the theory of Eqvatim 1: 

L =a, t a l l  t a 3 t Z  t *,2 

a, = (3.3794 f 0.00661) x IO-' degrees 

a2 = (3.3134 f 0.00688)x IO-2 degtees/sid. day 

el = -(3.8650 t 0.0180) x IO-' degrccs/sid. day' 

a, = (1.101 + 1.162) x IO-'dcgcccs/sid. day' Standard cttw of estimate = 3.198 x IO-' degrees 

i(measured,with minimum srnodard c m a )  = -1.3488 x rsd/sid. day', at t = -0.3003 day, c '  = 22 May 1%5, A = -28.69'. 

,i(theoretical f"Equarian 2), i ,  = 0.2 ",A = -28.69', J Z 2  - I , ,  as n a c d  = -1.380 x I O 5  rad/sid. day', faa. = 6.6105 earth redii. 

Estimate ot nccelerarim hias = 1(theoretical) -i(measured) at A = -28.69O in mcc S9/1 

= -1.380 x IO-5 t 1.349 x IO-' 
-0.031 x tadhid.  day'. 
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NOTES: 
0 	DATA DERIVED FROM ACTUAL 0 

EARLY BIRD TRACKING AS 
REPORTED BY ROBERT GREENE 
OF THE COMSAT CORP., WASH. 
D.C. (SEE TABLE 9)  

(SEE TABLE 9) 

I I I 

o o  
0 

0 

0 0  o o o  
I I I I 

30 10 20 
APRIL 1W5 MAY 1965 

TIME (month-day) 

DATA FROM A SIMULATED J, =-1.8X 

EARLY BIRD TRAJECTORY Xp=-15  35' 

COMPUTED NUMERICALLY J, = -0.16 X lom6 

FROM INITIAL ELEMENTS A, = 24' 

OF ORBIT 9s (TABLE J31 =-1.5X 

9S), WITH GRAVITY AND X3, = 00 

RELATED CONSTANTS AS (SEE TABLE 9 5 / 1 ) 

IN TABLE A l ,  WITH THE 

ADDITION OF THE EARTH 

LONGITUDE GRAVITY 

CONSTANTS: 


. 
O O O 

I l l  I I 

I l l  I I 
30 1 9 19 

JUNE 1965 

Figure 8-Measured and simulated orbit data at ascending Equator crossings in free drift arc 9 (Early Bird). 

2. 	 SYNTHESIS OF THE LONGITUDE ACCELERATION RECORD TO REVEAL 
COMPONENTS IN THE EARTH'S LONGITUDE GRAVITY FIELD 

According to Equation 2, the long term resonant earth gravity accelerated longitude drift of 
the 24-hour satellite is given very closely through fourth order, by 

= -1%' [.;. 6 
F ( i ) " { C Z 2  s i n  2A - S,, cos 2h) 

4 5  S F ( i ) , 1  
t J F ( i ) , , { C , ,  s i n  3A - S,, cos 3A) {C31 s in  A - S,, cos A} 

as 

t 
4 2 0  F ( i ) 4 4  

{ C 4 4 s i n  4A - S,, cos 4A) -
l5F(i 14 2 

{C, s i n  2A - S, cos 2A)1a t  a,' 
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NOTES:

24 
-3.0 

1" MEASURED 24 HOUR DRIFT ACCELERATION IN ARC n (SEE TABLE IO) 

i 	 PREDICTED 24 HOUR DRIFT ACCELERATION FOR THE ADJOINING 
ARC, FROM THE BEST GEOID' (BELOW) WITH LIKELY DEVIATIONS, 
SENSED BY ALL THE MEASUREMENTS. 

HOUR PERIOD, EQUATORIAL) DUE TO THE EARTHS LONGITUDE DEPENDENT 
GRAVITY FIELD. (BELOW) SENSED IN THIS STUDY. 

-4.0 BEST GEOID CONSTANTS (OF LONGITUDE DEPENDENT GRAVITY) SEEN IN 
THIS STUDY, FROM WHICH THE ABOVE PREDICTIONS ARE MADE: 

J22=-1.816* 0.02OX I O e 6  X22= - 1 5 . 4 t  0.3' 
J33= -0.171 f 0.017X X13= 24.9+ 3.3' 
J3,=-(I.4fb::)X A 3 1  = -168 t 26' 

0 I 1 L 1 1- I .  1 - -2­
30 60 90 120 150 180 210 240 270 300 330 3 

GEOGRAPHIC LONGITUDE (degrees) 

Figure 9-Measured and geoid-predicted 24-hour satel l i te longitude drift accelerations. 

52 




where is the longitude acceleration in units of radians/sid. day2 and as is the "synchronous" 
semimajor axis of the satellite in earth radii. The F( i), ,  functions of the satellite inclination i's 

a re  

F ( i ) 2 2  = [+ (cos i s  + I)] 

F ( i ) 3 3  = [+ (cos i s  + 1)] 

2 

F ( i ) 3 1  = [ij- (cos i s  + 1) - s s i n 2  is(l+ 3  COS is)11 5 

F ( i ) 4 4  = [+ (cos i s  t l)] 
4 

1F ( i ) 4 z  = [T (cos i s  + 1) -4s i n Z  i s  (COS i s  + I)] , 

The C,,, S,, gravity coefficients a re  given in terms of the J,,, A,, coefficients by 

(13) 

S n m  = J,, sinmh,, . i 
In Equations 13, the J,, a re  all negative so that the A,, gravity harmonic phase angles with respect 
to Greenwich a re  interpreted physically as in Appendix B. Thus the proper quadrant for A,, from 
the C, ,  and S,, is determined by 

The J,, a re  given from the Cnmand S,, by 

From a set of measured long term 24-hour satellite accelerations 'k at longitudes A, with inclina­
tions i s  and semimajor axes as ,  it is possible to determine the C,,, S,, in Equation 11which best 
satisfy this set  of accelerations. I� the set  of measurements numbers the same as the c,,, snm 
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coefficients, then clearly the C,,, S,, can be determined from them by a simple simultaneous solu­
tion of the set of Equations 11 with the specified measurements. However, such a straightforward 
solution for the underlying gravity field assumes that Equation 11 is an exact equation, if, for ex­
ample, ten measurements are available. Actually, as discussed in the introduction, the measure­
ments of 1will be in e r ro r  from true resonant gravity acceleration due to a number of sources. 

A more realistic model from which to determine the dominating gravity effects from the 
measured accelerations is the general linear least squares model. In this model, we allow each 
of the measurements j to be conditioned by Equation 11 (with specified C,,'s and Snm'sas unknowns) 
with the addition of a small unknown e r ro r  E j .  We require more measurements than unknowns in 
order to allow for these additional unknown E ' s .  In the least squares solution, the otherwise over­
determined c,, and s,, are adjusted so that the sums of the squares of the residuals of (measured, 
o r  the left hand side of Equation 11) andx (theoretical, or the right hand side of Equation 11) are 
a minimum. These residuals a r e  an estimate of the unknown e j .  Furthermore, if we assume that 
the E a re  random normally distributed with mean of zero and constant variance U, we can estimate 
u and make statistically significant statements about the likely variation of the cnmand snmcoef­
ficients in any given test of the measured data according to Equation 11. (For general treatments of 
the least squares model, see References 13 and 14.) In Tables 10 and 11 we list the results of the 
acceleration analysis in the actual and simulated 24-hour satellite gravity drift arcs. Since we 
have available less than ten independent acceleration measurements, we cannot hope to determine 
all ten resonant gravity harmonics from a solution of Equation 11. In addition, of course, we 
tacitly ignore in this analysis the effects on the data of the infinite set of earth resonant gravity 
harmonics of order higher than fourth. It seems evident, even before looking at the data, that from 
four to six harmonics is all that might reasonably be extracted from a least squares solution of 
Equation 1 (ignoring selected coefficients). 

In Appendix C we have calculated maximum resonant gravity effects from a recent (1965) geoid 
due to W. H. Guier (Reference 15). From this calculation, it is evident that Cz2, sZz,c,, and s,, 
should be the dominating harmonics on the three 24-hour satellites in this study. The next most 
influential set  of harmonics on all the satellites appears to be c, and s, 1, although on Syncom 2, 
C,, and S,, might rival it in influence according to other recent geoids listed in Table B1. 

It is interesting to compare the standard acceleration e r ro r  in the actual experiment with these 
maximum theoretical effects. Except for arc 3 (not used), arc 7 and about half of the 18 sub-arcs 
in arc 5, the standard acceleration e r ro r  measures between 0 . 0 3 ~ 1 0 - ~  rad/sid. day2.and O . ~ O X ~ O - ~  
These levels are over an order of magnitude below the maximum theoretical J Z 2  caused accelera­
tions, and significantly below the theoretical maximum J,, effects on all the satellites. W e  a re  
consequently encouraged to believe that the four harmonics CZ2, S,, , C,, and s,, should be the 
minimum yield from the synthesis (or explanation) of the measured accelerations in Table 10 
according to the theory of Equation 11. The theoretical maximum J , ~effects appear to be at o r  
just above the average noise level of this experiment, while the J42 and j4,effects appear to be 
somewhat below that level. While it would seem that not enough data is yet available to distinguish 
these harmonics with good precision, we are encouraged to hope that the apparently low errors  in 
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the widely separated equatorial arcs  6 and 9 will  allow at least a tentative discrimination of c,, 
and S,, (see Discussion). 

We now proceed to test the actual data in Table 10 for sensitivity to czz, s,, alone and then 
together with c, ,, s, ,, and finally in combination with c, s ,  as well, according to a least squares 
model based on Equation 11(see Table 12). The blanks in Table 12 indicate that particular harmonic 
was not considered in the test. 

The first  three tests in Table 12, with.the unadjusted data weighted according to the measured 
standard e r rors  in Table 10, shows the general trend of the results. The weighting scheme chosen 
for these tests assumes that samples with standard e r rors  less than 0 . 0 5 ~ 1 0 - ~rad/sid. dayZ con­
tain predominantly model bias e r rors  and (in this unadjusted test) carry equal, unit weight. There 
is some justification for this assumption based on the bias results in Table 11. In this test, arc  5 
was assigned a weight of 1.0 on the basis of the sum of the independent a rcs  5A and 5B weights 
(column 3 of Table 10). This unit weight was divided among the 18 sub-arcs according to an inde­
pendent arc  5 weighting scheme which gave unit weight to the best determined sample, that of 
sub-arc 5-18. 

There a re  two strong conclusions which can be drawn at once from the first three tests in 
Table 12. The first is that the 24-hour longitude coverage around the equator is now so complete 
that we can almost define the dominant czz, S,, harmonics without regard for the presence of 
higher order effects. (See also tests 28-30.) Theoretically, since the potential is an infinite 
series of orthogonal Legendre functions, a least squares f i t  of the actual potential through all 
space with respect to any combination of potential harmonics with determinable coefficients will 
yield the true Legendre coefficients of the potential. It appears a reasonable conjecture that, be­
cause of the natural suppression of higher order effects, near convergence to the true low order 
gravity potential coefficients should be possible from a complete longitude survey at 24-hour 
altitudes. 

The second conclusion from tests 1-3 is that 24-hour satellite drift to date is now strongly 
sensitive to C,, and S,,, o r  at least third order earth longitude gravity. The sensitivity to higher 
order gravity is shown by the over fivefold reduction in the standard e r ror  of these tests when 
higher order effects a re  allowed. In fact, the higher order tests bring the standard acceleration 
e r ror  of the test to the level of the individual acceleration standard errors.  

In addition to this dramatic reduction of the residuals upon allowance for third order effects, 
we note a similarly large reduction in the standard e r rors  of the H,, coefficients. If we can 
attribute the residuals of the H,, , H,, test 2 purely to "observation noise," then we would expect the 
inclusion of the H,, harmonic (test 3) to make negligible change in the previously determined 
coefficients. We could also expect no clear H,, result, as well as an increase in the test- H,, and 
H,, standard errors,  because the degrees of freedom of this limited sample would have been re­
duced at no comparable improvement of the fit.  
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Table 10 

Lowitude Accelerations in 24-Hour Satellite Arcs 1to 9. 

Standard 0 O+Q 0 
Langitude Semimajor Error of 

Estimated Bias Weight of Weight of 
(3 

Sample '$:: Of 

A ~ ~ 
Sample in Arc 5 Arc Time Arc Time 

(SatellitetAlc ~cceleration Longitude* Axis. Inclination, A c ~ ~ Acceleration ~ , (months)Measured, 
(degrees) 8iast ~cce~eration,  ( I f 0 5  0.05 x 10.1 ( I f m <  0,616 10-1 ~~~~~~~:~~~ 

h" 
(l(r*rad/sid .day2) 

(earth radii) (degrees) (10-5 radLid, day2) (10.' rad/sid. day2) (adj.) radlsid. day2. rad/sid. day2, ~ ~ ~ ~ ~ i ~ 
(10.' rad/sid. day2) wt. = 1.0) Wt. = 1.0) 

(SYNCOM 2) 1' -2.253 - 55.22 6.611113 33.024 0.0325 + .015 -2.238 1.000 19 AUG-DEC 1963 3 
(SYNCOMZ) 2 -2.291 - 60.94 6.611618 32.825 0.0572 - .029 -2.320 .765 16 DEC-MAR 1963/64 3 1/2 
(SYNCOM 2) ***3 -0.897 - 88.00 6.62675 32.67 0.888 .ooo 6 MAR-APR 1964 1 
(SYNCOMZ) 4 2.138 -140.00 6.620443 32.584 0.0842 + .015 2.153 .353 10 APR-JULY 1964 2 
(SYNCOM 2) 5A -0.199 161.00 6.616521 0.397 0.0661 - .011 - 210 .570 17 JULY-NOV 1964 4 1/2 
(SYNCOMZ) 5 -2.295 134.00 6.617 0.33 0.0397 + .011 -2.284 1.000 26 JULY-FEB 1964/65 7 1/2 
(SYNCOMZ) 5B -2.389 106.00 6.617425 0.16 0.0724 - .022 -2.411 .479 10 NOV-FEB 1964/65 3 1/2 
(SYNCOM 2) 5 - 1  1.066 175.5 6.6165 0.47 0.131 - .045 1.021 **** 0.252 10 JULY-SEPT 1964 2 
(SYNCOM 2) 5-2  0.954 172.5 6.6165 0.45 0.0887 - .029 0.925 0.550 10 JULY-SEPT 1964 2 
(SYNCOM 2) 5 - 3  0.672 169.0 6.6164 0.43 0.0926 + .006 0.678 0.501 10 JULY-SEPT 1964 2 
(SYNCOMZ) 5-4  0.394 166.0 6.6164 0.40 0.0819 - .021 0.373 0.645 10 JULY-SEPT 1964 2 
(SYNCOM 
(SYNCOMZ) 5-6  -0.157 160.0 6.6164 0.38 0.129 - .002 -0.159 0.260 10 AUG-OCT 1964 2 
(SYNCOM 2) 5 - 7  
(SYNCOM 2) 5 - 8  

-0.541 
-0.788 

157.0 
153.5 

6.6164 
6.6164 

0.37 
0.35 

0.167 
0.163 

+ .019 - ,003 
-0.522 
-0.791 

0.155 
0.162 

10 
10 

AUG-OCT 1964 
AUG-OCT 1964 

2 
2 

(SYNCOM 2) 5-9  -1.103 150.0 6.6165 0.34 0.160 + .036 -1.067 0.169 10 SEPT-NOV 1964 2 
(SYNCOM 2) 5-10 -1.560 146.5 6.6166 0.32 0.185 + .034 -1.526 0.126 10 SEPT-NOV 1964 2 
(SYNCOM 2) 5 -11 -1,990 143.5 6.6167 0.31 0.181 + .030 -1.960 0.132 10 SEPT-NOV 1964 2 
(SYNCOM 2) 5 - 12 
(SYNCOM 2) 5 - 13 

-2.138 
-2.501 

139.5 
132.0 

6.6167 
6.6169 

0.30 
0.22 

0.213 
0.167 

+ .018 - .033 
-2.120 
-2.534 

0.095 
0.154 

10 
10 

SEPT-NOV 1964 
OCT-JAN 1964/65 

2 
3 1/2 

(SYNCOM 2) 5-14 -2.828 120.0 6.6171 0.22 0.122 + .037 -2.791 0.290 10 OCT-JAN 1964/65 3 1/2 
(SYNCOM 2) 5 - 15 
(SYNCOM 2) 5 - 16 
(SYNCOM 2) 5 - 17 
(SYNCOM 2) 5 - 18 
(SYNCOM3) 6 

-2.663 
-2.584 
-2.474 
-2.278 
1.707 

116.0 
112.0 
109.0 
104.5 
178.707 

6.6172 
6.6173 
6.6174 
6.6176 
6.611474 

0.20 
0.18 
0.16 
0.15 
0.113 

0.102 
0.0907 
0.0847 
0.0656 
0.0591 

+ .025 - .005 - .033 - .041 - .024 

-2.638 
-2.589 
-2.507 
-2.319 

1.683 0.715 

0.415 
0.525 
0.600 
1.000 

10 
10 
10 
10 
10 

OCT-JAN 1964/65 
OCT-JAN 1964/65 
NOV-FEE 1964/65 
NOV-FEB 1964/65 
NOV-DEC 1964 

3 1/2 
3 1/2 
3 1/2 
3 1/2 
2 

(SYNCOM3) 7 1.550 176.801 6.612269 0.268 0.175 + .027 1.577 0.082 9 JAN-MAR 1965 2 
(SYNCOMZ) 8 
(EARLYBIRD) 9 

0.950 
-1.441 

66.115 
- 28.703 

6.611199 
6.6105 

31.869 
0.200 

0.0616 
0.010 

+ .018 - .031 
0.968 

-1.472 
0.660 
1.000 

11 
46 

FEB-MAY 1965 
APR-JUNE 1965 

2 1/2 
2 

2) 5 - 5  0.016 163.0 6.6164 0.39 0.0822 - .006 0.010 0.640 10 AUG-OCT 1964 2 

**SI -2.528 129.00 6.617 32.33 0.11 26 JULY-FEB 1964/65 7 1/2~ 

*From B compromise of the biases  repnned in Table 11. 
"lndependcnt full arc 5 acceleration from drift rate data reduced by the J Z 2  model, Equation 8, determined from successive equator crossings in each orbit only (vclocity data). 

***Not used in the gravity synthesis. 
''w*Ln weighted analyses interdepeodent arcs 5-1-5-18 were given total wt. = 1.0 (replacing arcs 5.4 & IB), distributed according to column 4 weights. In "unweighted"analyses. arcs 5-l-yl8 were given total weight = 2.0 without pcedjudicc, 

all other independent arcs used being given wt. = 1.0. 



0 
Longitude 

A I C  Acceleration, 
A 

lo-' rad/sid. day') 

1s/1 -2.2328 
2 s / 1  -2.2024 
4S/1 2.156 
6S/1 1.686 
7S/1 1.473 
8 S / l  0.862 
9 s / 1  -1.349 
5S/1-1 1.1915 
5S/1-2 .927 
5S/1-3 ,5885 
5S/1-4 .341 
5 S h - 5  .049 
5 5 / 1 4  - 2 3 7  
5S/1-7 - ,540 
5S/1-8 - .E42 
5 S h - 9  -1.194 
55/1-10 -1.449 
5S/1-11 -1.726 
5S/1-12 -2.003 
5S/1-13 -2.3835 
5S/1-14 -2.768 
5S/1-15 -2.752 
55/1-16 -2.662 
5S/1-17 -2.535 
5S/1-18 -2.363 

***5S-A 
***5s 
j***5S-B I 

Table 11 

Longitude Accelerations in Simulated 24-Hour Satellite Arcs 1S/1  to 9S/1*. 

Standard Error 0 Column @ Bias from a 
~ ~ dLongitude, Semimajor Orbit of ~ ~ Theoretical~ i cO1um @~' Second Order~ 

Axis, Inclination, Acceleration, for Given as, is, Longitudex 
is ut and A** AccelerationModel Bias(degrees) (earth

a,
radii) (degrees) 

(IO-' rad/sid. day') (ios5rad/sid. day2) (10-5 rad/sid. 

- 55.13 6.6111 33.03 .0048 -2.2185 +.0143 
- 60.91 6.6116 32.84 .0056 -2.2330 -.0306 
-140.00 	 6.6204 32.57 .0413 2.163 +.007 

178.69 6.6115 0.09 .0209 . 1.6615 -.0245 
176.915 6.6123 0.11 .0129 1.501 +.028 

66.255 6.61115 31.87 .0219 .E84 +.022 
-28.69 6.6105 0.20 .0064 -1.380 -.031 
175.5 6.6164 32.47 .0305 1.146 -.0455 
172.5 6.6164 32.46 .0304 .E98 -.029 
169.0 6.6164 32.44 .0230 .594 +.0055 
166.0 6.6164 32.42 .0232 .321 -.021 
163.0 6.6164 32.40 .0266 .043 -.006 
160.0 6.6164 32.39 .0274 - 2 3 9  -.002 
157.0 6.6164 32.38 .0243 - .521 +.019 
153.5 6.6164 32.36 .0248 - 3 4 5  -.003 
150.0 6.6165 32.35 .0361 -1.1585 +.0355 
147.0 6.6165 32.34 .0427 -1.415 +.034 
143.5 6.6166 32.32 .0420 -1.6955 +.0305 
139.5 6.6167 32.31 .0392 -1.985 +.018 
132.0 6.6171 32.26 .0310 -2.416 -.0325 
120.0 6.6172 32.25 .0266 -2.731 +.037 
116.5 6.6173 32.23 .0272 -2.727 +.025 
112.5 6.6174 32.22 .0380 -2.667 -.005 
109.0 6.6175 32.19 .0404 -2.568 -.033 
105.0 6.6176 32.16 .0350 1 -2.404 -.041 

.0132 

.0100 

Earth Longitude 
Gravity 

Trajectovtt  
(lo-' rad/sid. day') 

+.018 
-.027 
+.025 
-.023 
+.026 

+.014 
-.032 

-.0107 
+.0107 

*Trajectories computed numerically by ITEM in the presence of sun and moon gravity through third order earth longitude gravity field given by: 

J z z  = -1.8 x A,,  = -15.35' 
J 3 9  = -0.16 x A,, = 2 4 O  

Ja l  =-1.5 x A,, = O o .  

Accelerations derived by a second order gravity drift model (see Tables 1S/1 through 9S/1) 

"Computed from Equation 2 with the gravity and orbit constants above. 

***Data from Table 5s; simulated trajectory with sun and moon gravity and second order earth longitude gravity 

ttSee Tables 1s-9s. 
tData from arcs lS-9.S except for 5S/1 -1 through 5S/1-18 
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Table 12 

Tests of 24-Hour Satellite Accelerations for Sensitivity to Resonant Earth Gravity Harmonics.* 
(All values in units of 10dexcept as noted) 

~ -1.526 .019 .951 1 .022 I' 
-1.564 .004 .927 .004 -.045 .004 -.160 .003 

-1.545 .004 .932 .004 -.024 .005 -.159 .003 2.08 .38 .21 

-1.536 .019 .943 .022 

-1.573 .0042 .919 .0043 -.050 ,0046 -.160 .0035 

-1.556 .0046 .924 .0048 -.031 .0054 -.159 .0034 2.02 .41 .14 

-1.52/-1.50/.1.52 .07/.08/.08 .99/.96/1.02 .07/.07/.08 

.1.57/.1.54/-1.57 .02/.03/.04 92/.88/.94 .02/.03/.04 ..02/.. 06/-.02 .02/.03/.04 -.16/-.15/-.17 .01/.03/.03 

-1.56/-1.54/.1.54 .01/.04/.04 .90/.92/.90 .02/.05/.05 -.01/~.04/~.00 .01/.04/.05 -.15/..16/..14 .01/.03/.04 ,.23/4.1/-.55 1.2/3.5/4.0 1.4/-1.7/2.6 

-1.537 .067 1.004 .069 

-1.557 .012 .920 .014 -.039 ,014 -.161 .011 

-1.549 .011 .917 .016 - . o n  .015 -.E9 .010 1.08 1.19 .55 

-1.525 .021 1.005 .021 

-1.565 .0041 .930 .0043 -.047 .0046 -.164 .0035 

-1.554 .0047 .935 .0055 -.029 .0081 -.164 .0036 1.72 .44 .02 

-1.494 ,018 .993 .018 

-1.529 .0029 .926 .0030 -.026 .0032 -.150 .0025 

-1.542 .0027 .922 .0032 -.048 .0035 -.151 .0021 -1.95 2 6  -.06 

(-1.548) (I, = . 1 . 8 ~106) (.919) (h= .15,35') (-.0494) (I3, = ..I6 x 1U6) -.152 (h3 24')= -1.500 

-1.386 .012 1.096 .012 

-1.409 .0026 1.053 .0028 -.0131 .0030 -.0975 ,0023 

-1.421 .0007 1.036 .0008 -.0355 .0009 -.0936 .0005 -2.991 .062 .545 

(-1.425) (J, = - 1 . 7 7 ~106) 1.050 ("23= -18.2') -.0371 = ..la5 x 104) -a0982 (\3= 23.1') -2.111 (J3, = 2.12xI t ' )  

-1.483 .017 A48 .017 

-1.517 .0023 .I83 .0024 -.Of301 .0026 -.135 .0019 

-1.533 .0007 .787 .0008 -.0849 .0009 -.140 .0005 -1.63 

(-1.535) (I, = .1.72x 1r6) .I76 (h2 18.7') -1.996= -13.4') -.0920 = -.165x 1U6) -.137 (h3= 
-1.516 .019 .991 .019 

-1.554 .0017 .921 .0018 -.057 .0019 -.153 .0015 

-1.545 .00068 ,930 .00080 -.042 .00088 -.155 .00053 1.88 

(-1.548) (J, = - 1 . 8 ~104) (.919) (& i.15.35') (-.049) (J33 = -.Kx104) (-.152) (h3= 24') (1.50) 

-1.549 .0032 .916 .0045 -.044 .0038 -.153 .OOZE 

-1.552 .0046 .964 .023 -.025 .0052 -.169 .0075 3.37 1.19 -1.03 

-1.555 .006 .954 .023 -.020 .006 -.168 .007 2.94 1.20 -1.14 

3.96 

.18 I 3.28 

1 21.18 


4.09 


2 0  3.52 


2W23.2l24.2 

1.8/9.1/11.4 

.6/1.7/2.0 3.3/9.5/11.0 
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Comments 

Reduced from unadjusted data: weighted according to u of measured accelerations: relative arc 5 wt. = 1.0: (see Table 10 and text): total samples = 100 


Reduced from unadjusted data: weighted according to u of measured accelerations: relative arc 5 wt. = 1.0: (see Table 10 and text): total samples = 100 


Reduced from unadjusted data: weighted according to c of measured accelerations: relative arc 5 wt. = 1.0: (see Table 10 and text): total samples = 100 


Reduced from bias adjusted data: weighted according l o  oof measured accelerations: relative arc  5 wt. = 1.0: (see Table 10 and text): total samples = 100 


Reduced from bias adjusted data: weighted according to uof measured accelerations: relative arc 5 wt. = 1.0: (see Table 10 and text): total samples = 100 


Reduced from bias adjusted data: weighted according to uof measured accelerations: relative arc 5 wt. = 1.0: (see Table 10 and text): total samples = 100 


(A/B/C) reduced from unadjusted data: 3 random choices (A/B/C) from normal distributions specified by A and u in Table 10 (9 data for each test): total samples = 9 


(A/B/C) reduced from unadjusted data: 3 random choices (A/B/C) from normal distributions specified by A and u in Table 10 (same data a s  test 7): total samples = 9 


(A/B/C) reduced from unadjusted data: 3 random choices (A/B/C) from normal distributions specified byA and u in Table 10 (same data a s  test 7): total samples = 9 


Reduced from unadjusted data: uses Table 10 values (unweighted), includes independent arc 5' measurement: total samples = 10 


Reduced from unadjusted data: uses Table 10 values (unweighted), includes independent arc 5' measurement: total samples = 10 


Reduced from unadjusted data: uses Table 10 values (unweighted), includes independent arc 5' measurement: total samples = 10 


Reduced from unadjusted data: uses Table 10 values, unweighted, without arc 5-11: total samples = 100 


Reduced from unadjusted data: uses Table 10 values, unweighted, without arc 5-11: total samples = 100 


Reduced from unadjusted data: uses Table 10 values, unweighted, without arc 5-11: total samples = 100 


Reduced from simulated data in Table 11 (geoid: Wagner-Kaula combined 1964/65 through 3rd order), includes sun and moon effects; unweighted, without arc  S5/1-11: total samples = 100 


Reduced from simulated data in Table 11 (geoid: Wagner-Kaula combined 1964/65 through 3rd order), includes sun and moon effects; unweighted, without arc S5/1-11: total samples = l o o  

Reduced from simulated data in Table 11 (geoid: Wagner-Kaula combined 1964/65 through 3rd order), includes sun and moon effects; unweighted, without arc  S5/1-11: total samples = 100 


(Actual geoid harmonics: Wagner-Kaula combined (1964/65)) 


Reduced from simulated data calculated according to Equation 2 from harmonic coefficients of geoid of Kaula (1964); unweighted, without arc S5/1-11: total samples = 100 


Reduced from simulated data calculated according to Equation 2 from harmonic coefficients of geoid of Kaula (1964); unweighted, without arc S5/1-11: total samples = 100 


Reduced from simulated data calculated according to Equation 2 from harmonic coefficients of geoid of Kaula (1964); unweighted, without arc S5/1-11: total samples = 100 


(Actual geoid harmonics: Kaula (1964), including: J,, = -0.117~10-~, X,,
X a Z  = 4 2 3 ,  J,. = -0 .0104~10~~ ,  = 14.5") 

Reduced from simulated data calculated according to Equation 2 from harmonic coefficients of geoid of Guier (1965); unweighted, without arc S5/1-11: total samples = 100 

Reduced from simulated data calculated according to Equation 2 from harmonic coefficients of geoid of Guier (1965); unweighted, without arc S5/1-11: total samples = 100 

Reduced from simulated data calculated according to Equation 2 from harmonic coefficients of geoid of Guier (1965); unweighted, without arc  S5/1-11: total samples = loo 
(Actual geoid harmonics: Guier (1965), including: J,, = -0.193~10.~, = 23.4", Ja4  = -0.006~10-~, h4. = 34.5") 

Reduced from simulated data calculated according to Equation 2 from harmonic coefficients of geoid of Wagner-Guier (1965); unweighted, without arc S5/1-11: total samples = l o o  
Reduced from simulated data calculated according to Equation 2 from harmonic coefficients of geoid of Wagner-Guier (1965); unweighted, without arc S5/1-11: total samples = l oo  
Reduced from simulated data calculated according to Equation 2 from harmonic coefficients of geoid of Wagner-Guier (1965); unweighted, without arc S5/1-11: total samples = 100 

A,,(Actual geoid harmonics: Wagner-Guier (1965), including: Jan = -0 .19~10-~ ,  = 42.3", J, = -0.006~10-:, A,, = 34.5") 


Reduced from unadjusted data in Table 10, unweighted, includes independent arc 5' measurement; without arcs 5-1, 5-10.5-11: total samples = 111 


Reduced from unadjusted data in Table 10, unweighted, includes independent arc 5' measurement; without arcs 5-1,5-10,5-11: total samples = 111 


Reduced from unadjusted data in Table 10, weighted according to u of measured accelerations: relative arc 5 wt. = 1.0 (see Table 10): total samples = 100 


*All data reductions by "least squares" fit from condition equations calculated from Equation 2 according to h ,  as,  i, in the given satellite arcs  of Tables 10 or  11. 



The results of test 3 (see also tests 28-30) are  strongly suggestive but not conclusive as to the 
sensitivity of 24-hour satellite drift thus far to other than second and third order sectorial (n  = m) 
earth gravity. Test 3 (and almost all the other H , ~ ,  H,,, and H,, tests in Table 12) does produce 
small changes in the H,, and H,, coefficients and a slight reduction in the test standard error,  as 
well as a fairly strong C,, coefficient with a standard e r ror  of about 20%. These signs point to 
some significance in the H,, results of test 3. On the other hand, since the longitude and sample 
survey is limited in these tests, the small changes in the H,, and H,, coefficients might be the 
result of random "observation" or  model bias er ror  in the data. The slight decrease in the test  
standard e r ror  may be equally fortuitous. The increase in the standard e r rors  of the H,, and H,, 
coefficients is the strongest indication that the H,, harmonic is not yet clearly sensed by the 
24-hour data so far. In the future, with more data of similar quality, we would expect the standard 
test e r ror  to remain in the vicinity of ( 3 - 5 ) ~ 1 0 - ~rad/sid. day2 upon the inclusion of third and 
fourth order terms. At the same time, we would expect the standard e r rors  of the lower order 
coefficients to decline consistent with coefficient convergence as the dominating higher order terms 
a re  brought into the synthesis one by one o r  in combinations. 

We now want to determine as closely as possible the effects on these acceleration data reduc­
tions which can be attributed to sun and moon gravity as well as other model bias e r rors  inherent 
in the method of acceleration analysis. First, we rerun tests 1-3, adjusting the acceleration samples 
by the probable model biases determined from the simulated trajectories in the previous section 
(see Table 10). The results of these data adjusted tests (Table 12, 4-6) show minor and insignificant 
changes from the unadjusted results. In fact, the unadjusted accelerations appear to be even closer, 
on the average, to true resonant gravity accelerations, judging by the smaller standard e r rors  
throughout the unadjusted data tests. Evidently, the model e r rors  in the actual data have acted to 
cancel the "observation" e r rors  (in the orbit determinations) more often than not. As a result, 
the conclusions of this study have been.drawn primarily from the unadjusted data. 

Before proceeding with independent tests of the simulated data, we would like to make a few 
more tests of the actual data to better judge the true latitude in the harmonics which is allowed by 
the measurements. In these tests (7-12 in Table 12), we use the unweighted, unadjusted accelera­
tions in Table 10 and replace the interdependent 18 sub-arcs of arc  5 by the independent measure­
ments for arcs  5A and 5B. In tests 10-12 the independently determined arc  5' measurement is also 
included. Tests 7-9 each used three random samplings (A/B/C) of a normal distribution given by 
the meanx and cr values for these accelerations in Table 10. On the assumption that there is no 
bias in the accelerations and all the measured d s  arise from random observation error,  tests 7-9 
give an example of the widest latitude permitted by the measurements. From the results of tests 
4-6, there is no reason to expect randomly chosen bias adjusted data to yield significantly more 
divergent results. Indeed, since the sun, moon, and insufficient model introduce pseudo-random 
"noise" (of up to ~ / 2 )into the accelerations as well as biases (see Table ll), the "noise" level 
attributable to the observations alone should be somewhat less than the 0's reported in Table 10. 
Thus, random tests 7-9 should be reasonably conservative as to the divergent results permitted 
by the data. In view of the apparent oddness of A,, that is implicit in the "mean" accelerations of 
Table 10 (see Conclusions), it is interesting and perhaps significant that two of three random 

60 



samplings in these tests (A and C)yield best A,,'s in the neighborhood of -80". This is about 90" 
from the best A,, determined from the "mean" accelerations. Test 9A, in fact, shows a standard 
test e r ror  as low as similar tests with the "mean" accelerations. The relatively great range of 
H,, harmonics revealed in test 9 further emphasizes the tentative nature of the best reported 
values for these quantities. The random tests resulted in a far smaller divergence of H,, and 
H,, harmonics which increase our confidence in the best reported values for them (see Conclu­
sions). Tests 10-12 with unweighted data a re  consistent with the previous actual weighted data 
tests which used 18 sub-arcs of arc  5. 

Finally, a ser ies  of unweighted data tests was made using the dense longitude coverage of 
arc  5 provided by sub-arcs 5-1 to 5-18. In these (tests 13-15), arc  5 was counted with relative 
weight = 2.0 since the acceleration CT'S of independent arcs  5A and 5B were each near the average 
o for the independent arcs  in Table 10. Tests 13-15 ignore the influence of arc 5-11 because of 
its excessive residual ( 4 ~ )when it is included in the tests for the harmonics to and through third 
order. This ser ies  of tests, relatively unprejudiced by arbitrary weighting and giving complete 
coverage to arc 5, was chosen as the basis for drawing final conclusions in this gravity experiment. 

We have already computed the effects on the gravity synthesis of previously determined ac­
celeration model biases in the various a rcs  (compare tests 1-3 with tests 4-6). There is another 
way to present this result which reveals the likely.mode1 er rors  in both stages of this experiment 
directly in terms of the harmonic coefficients and the test  standard errors.  We merely repeat 
precisely the same gravity synthesis on the simulated parallel acceleration data in Table 11 as 
we did in the preceding tests on the actual data in Table 10. However, the simulated 24-hour trajec­
tories summarized in Table 11 contained no effects from resonant earth gravityof higher than third 
order. To gage the likely effects of higher order gravity on the second and third order gravity 
syntheses, or rather to obtain a wider range of likely second stage model e r ror  in the actual data, 
we have also simulated satellite drift over four geoids taken from recent studies. In these simula­
tions, no full gravity trajectories were calculated. Instead, simple drift accelerations from Equa­
tion 2 were computed for the satellite a rcs  in Table 11 according to the gravity constants of the 
four geoids. These accelerations were  then combined in the same way as the actual data (reversing 
the solution of Equation 11 with selected coefficients ignored) to yield gravity fields whose bias is 
readily apparent . 

The results of these parallel gravity syntheses on the simulated data a re  found in Table 12, 
tests 16-27. Two of the geoids chosen for these simulations come from single comprehensive studies 
of satellite perturbations. The geoid of Kaula (1964) (see Table B1) is derived from camera observa­
tions of five to ten medium altitude, medium and high inclination satellites. The geoid of Guier (1965) 
was determined from comprehensive, worldwide Doppler radar tracking of five medium altitude 
satellites (see Table Bl) .  These two geoids a re  considered representative of the best available 
geodetic results from independent satellite tracking to date. The geoid labeled Wagner-Kaula com­
bined 1964/65 (used in the ITEM trajectory computations) used H,, and H,, harmonic coefficients 
derived at an earlier stage of the present study. The H, ,coefficients a r e  from an "average" geoid 
due to W. M. Kaula (private communication) recommended as a "first guess" in geodetic studies when 
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there is no better evidence of different values. The geoid labeled Wagner-Guier (1965)uses the H,, , 
H,, values derived earlier in this study, H, ,values near those finally chosen as best representing 
24-hour satellite drift to date, and H42, H,, values from the geoid of Guier (1965). This latter geoid 
was thought to be the most accurate known at the time this study was initiated (spring, 1965). These 
tests illustrate the kind of convergence to true harmonic values, which should be evident and 
apparently is, in the actual data reductions for C,, and s,,, when higher order gravity is intro­
duced without constraint into the tests. Test 18 shows clearly that sun, moon, and first stage 
model bias has almost negligibly small effect on these harmonic reductions. This is also evident 
from the low values of the acceleration biases in Table 10. 

The harmonic biases (theoretical-measured values) shown by these simulated data tests a re  
calculated in Table 13. Except for the effects on H , they a re  all reasonably consistent. This 
illustrates, more than anything else, the agreement in the geoids themselves. As more harmonics 
a re  permitted, the sharp reduction in the H,, and H,, biases shows that, observation e r rors  ex­
cluded, these harmonics should be essentially determined from the arcs  in the data test through 
the third order. In Table 14 the model biases in the harmonics determined from the simulated 
arcs  in Table 13 a re  added to the harmonics derived from the actual data (Table 12, tests 13-15) 
to arrive at a reasonable range of bias free harmonics at all stages in the reductions. 

It appears noteworthy that all H,, andH,, harmonics except C,, a re  relatively unchanged 
through the reductions when they are corrected at each stage through third order by the average 
biases. This result, which could not be anticipated in advance (for two of the four geoid simula­
tions), gives added assurance in both the overall quality of the basic data and the H,~, H,, gravity 
field implicit in that drift data after onlya third order reduction. A s  afurther test of the conjecture 
that H,, and H,, a r e  essentially determined by only a third order reduction of this wide coverage 
24-hour data, we allow a fourth order harmonic into the reductions (tests 28 and 29, Table 12). 
Appendix C makes it fairly clear that H,, is the next strongest harmonic after H,, in its influence on 
the 24-hour satellites in this study. 

It is encouraging to find that these tests show essentially the same H,, and H,, results as pre­
viously in the all third order reductions (i.e., tests 13-15). It is interesting that J,, "-0.02~10-~ 
in these tests since this checks reasonably well with recent results for this harmonic determined 
from lower altitude data (see Table Bl). The fact that both J , ~and A,, determined from tests 28 
and 29 are  almost identical with and without the inclusion of H,, seems to be coincidental. The 
C,, from test 29 seems unrealistically high from the results of this and other recent geodetic 
investigations from satellite motions (see Table Bl). As a further confirmation of this, in test 
30 we repeat the weighted data test 3 through third order with the inclusion of H 4 , .  While all the 
other harmonics a re  virtually unchanged from test 29, the S,, harmonic has increased significantly. 
With only 9 or  10 well determined 24-hour satellite accelerations at this point in the analysis, it 
should not be surprising that only four resonant gravity coefficients appear well determined. 

The best estimate of these coefficients is presented at the bottom of Table 14, including a very 
preliminary estimate of H, ,,as f a r  as can be judged from the many gravity tests in this section. 
In general, mean values and standard e r rors  were chosen together to encompass as widely as 
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possible the results of all the actual data tests in Table 12 and bias adjusted reductions in Table 14. 
The single reduction most heavily relied upon in this judgement was the average bias-added gravity 
synthesis (in Table 14) from unweighted basic acceleration data with dense arc  5 coverage. It ap­
pears that a more balanced estimate of s,, should be S,, = -(0.16 *0.01)X10-6, since not one test  
showed S , ,  to be greater than -0.17X10-6. In this one instance, balance over all the tests was 
ignored in favor of the bias-adjusted results on the unweighted dense arc  5 coverage data reduc­
tions. The reason for this exception is to be found in the remarkably consistent bias-adjusted 
S3,'s in Table 14. This seems to arise in large part from the consistency in S,, between H,,, 
H,, ,and H,,, H,,, H,, reductions when arc  5 is densely covered (compare tests 14 and 15, dense 
coverage tests with tests 11 and 12 in Table 12). To guard against e r ror  in this somewhat special 
judgement of the test results, we have allowed for a 0.015XlO-6 standard error  in S,, which is proba­
bly higher than is strictly seen in this experiment. 

The judgement of the H,, harmonics in Table 14  also calls for some comment. Again, a bal­
anced view over all the tests was the criterion of choice. The results of the random sampling 
tests 7A,7B,7C (in Table 12) were strongly relied upon in the H , ,  estimates. This was in spite 
of the fact that arc  5 was sparsely covered in these tests and there were only nine samples to test 
for six coefficients (independent arc  5' not being used, for example). In particular, test 7A shows 
that viewed probablistically, the basic data allows low overall acceleration residuals and H,, ,H,, 

values reasonably consistent with other "best values" tests and, in addition, H, ,values considerably 
divergent from the "best value" results. The standard e r rors  of the H, ,harmonics were, in fact, 
taken from test 7A. The best estimates of H,, were considered to be the last two bias adjusted 
values in Table 14. Together with the estimated standard errors,  a fair measure of the range of 
H, , seen in these tests is covered. The standard e r ror  in J, ,was not estimated from S (C, ,) and 
S (S,,) through Equation 15, assuming uncorrelated coefficients (Reference 5, Appendix E), since 
C, , and S, , appear to be significantly correlated in these tests. Clearly J, ,, seen in the experi­
ment, is bounded between about -10-6 and -3X10-6. The estimated J,, deviation in Table 1 4  re­
flects this result. 

Finally, in Figure 9, we display the measured (unadjusted)24-hour satellite accelerations (in solid) 
in this study (from table 10)and match them against the accelerations (in dots) from the geoid (at the 
bottom of Table 14)which the measured accelerations have determined in large part. The standard 
e r rors  in the matching geoid accelerations (about 0.03X10-5 rad/sid. day' for Syncom 2 arcs) were 
calculated from somewhat smaller H~~ deviations than those finally chosen in Table 14. Actual 
geoid accelerations may differ from the best values calculated through Equation 2 with the best 
estimated coefficients in Table 14 by about 0.08X10-5 rad/sid. day' for equatorial 24-hour satellites. 
This number reflects only the long term acceleration uncertainty remaining in our knowledge of the 
effect of the earth's field on the distant synchronous satellite. But we know also from this study 
that, beyond two months of drift, long term sun and moon gravity effects may continue to be re­
sponsible for as much as *0.03X10-5 rad/sid. day2 in the drift acceleration of the 24-hour satellite. 

The solid curve in Figure 9 represents the best estimated geoid accelerations on the geosta­
tionary satellite around the equator, as determined from this study. 
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Table 13 

Model Biases in Gravity Harmonics Reduced from Simulated 24-Hour Satellite Drifts with Four Recent Geoids*. 
(all bias values in units of ) 

RMS Bias 

Reductions for 
Bias in Dev. from Bias RMS RMS RMS RMS RMS 

Harmonics Hnm (Cnm,Snm) 
Reduced Average Bias Bias Dev. Bias Bias Dev. Bias Bias Dev. Bias Bias Dev. Bias Bias Dev. 

c,, fS(C,,) s, 2 *S(S,,) c33 *s(c33) 533 fS(S,,) c31 fS(C,,) '3 1 *S(SJ1) 

-.054 -.074 
-.039 -.046 
-.052 -.070 
-.032 -.072 

(-.044) (.011) (-.065) (.013) 
-.019 -.007 -.023 -.002 
-.016 -.003 -.024 -.ooo 
-.018 -.007 -.032 -.002 
+.006 -.002 +.008 +.001 
(-.on) (.012) (-.005) (.003) (-.018) (-018) (-.001) (.OO2) 
-.006 -.003 -.001 -.001 +.45 +.06 
-.004 +.014 -.001 -.004 +.88 -.35 

H,, ,H,, and H,, (11) -.002 -.011 -.007 +.003 -.37 +.28 
I ( 1 2 )  -.003 -.012 -.007 +.003 -.33 +.28. 

(Average) (-.004) 	 (.002).' (-.003) (.009) ,. (-.004\, (.003) (.OOO) (.003) (+.16) (.61) (+.07) (.30) 
'Data from least  squares reductions of simulations over arcs 1, 2, 4, 5-1 to 5-18, 6, 7, 8 and 9: see Table 1 2  and text. 

GEOIDS USED 
(1) Wagner-Kaula combined 1964/65 (3'd order) plus sun,moon, and 1" stage experiment bias effects: 
(2) h u l a  1964: see test 13, Table 12. 
(3) Guier 1965: see  test 22, Table 1 2  
(4)Wagner-Guier 1965: see  test 25, Table 12 
(5) Wagner-Kaula comb. (1964/65) plus sun and moon 
(6) Kaula 1964 
(7) Guier 1965 
(8) Wagner-Guier 1965 
(9) Wagner-Kaula comb. (1964/65) plus sun and moon 

(IO) Kaula 1964 
(11) Guier 1965 
(12) Wagner-Guier 1965 

see  test 16, Table 1 2  



Table 14 

Gravity Synthesis, from Actual 24-Hour Satellite Data and Likely Model Bias Errors. 
(allharmonic values in units of lo-' except as noted) 

Reductions for 
Harmonics Hnm (Cnm,S,,) c, 2 c 3  3 533 '3 1 '3 1 

(1) -1.525 1.005 
(2) -1.565 .930 -.047 
(3) -1.554 .005 .935 .006 -.029 .004 1.72 .4 .02 

(-1.569 .940 
.925 -.065 
.932 -.033 1.88 

(.012)* (.932) (.013)* (-.049) (.003)* (1.88) (.SI*
,932 -.070 
.932 
.927 

(8) -1.558 .949 
H,, m d H 3 3  (9) -1.583 .923 
H Z Z *  H 3 3  H 3 1  (10) -1.556 .924 
H,, and H 3 3  

H Z Z  ' H 3 3  and H 3 1  

u.02 15.40 .32" 

*Maximum RMS bias dev. from average biases Table 13. 
**Estimated from a range of (C3: + S,:)'" values in Tables 12 ,  13 and 14. 

GEOIDS USED 
(1) From actual data (unweighted): see Table 12,  test 13 
(2) From actual data (unweighted): see Table 12,  test 14 
(3) From actual data (unweighted): see Table 12,  test 15 
(4) From actual data reduction above and average biases (see Table 13) 
(5) From actual data and Wagner-Kaula comb. (1964/65) biases (see Table 13) 
(6) From actual data and Wagner-Kaula comb. (1964/65) biases (see Table 13) 
(7) From actual data reduction above aod h u l a  (1964) biases (see Table 13) 
(8)From actual data reduction above and h u l a  (1964) biases (see Table 13) 
(9) From actual data reduction above and Guier (1965) biases (see Table 13) 

(10) From actual data reduction above and Guier (1965) biases (see Table 13) 

-.030 2.17 .08 
-.071 
-.030 2.60 -.33 I 
-.079 
-.036 -.161 1.35 .30 1 
-.039 -.163 
-.036 -.161 1.39 .30 
-.045 ,030 -.165 .015 1.4 1.2 .3 

J33  
-.171 

S(J33) 
.017 

A33 
24.92" 

S( A33 1 
3.3" 

J 3 1  
-1.4 

S ( J 3 1 ) * *  
.0.2 

A31 
-167.9" 

q A 3 1  )
25.8" 

-
C,, (best) = 2.42 + .03 x c,,(best) = 0.322 f 215  x 
- -
S , ,  (best) = -1.44 f.03 x S3, (best) = 1.183 * .lo8 x 

(11) From actual data reduction above and Wagner-Guier (1965) biases (see Table 13) 
0 2 )  From actual data reduction above and Wagner-Guier (1965) biases (see Table 13) 
(13) Estimated best values: Cnm,Snm(see text) 

aa (14) Estimated best values: Jnm,  Anm: from C,,, Samvalues above through Equations 13 and 14 cn 

.2 

.6 



3. 	 EAST-WEST EQUILIBRIUM LONGITUDES AND MAXIMUM EAST-WEST STATION 
KEEPING REQUIREMENTS FOR THE GEOSTATIONARY SATELLITE 

This study confirms the results of many recent satellite-geoid reductions (see Table B1 and 
Reference 1) that the dominance of the J Z 2  harmonic in the earth's field establishes only four 
narrow longitude zones at which a geostationary satellite may be placed and kept for long periods 
of time without the necessity of east-west station keeping. As a study of Figure 9 shows, initially 
geostationary satellites placed near geoid acceleration zeros over the Indian Ocean and the eastern 
Pacific will  be forever trapped in the field under the influence only of the small longitude dependent 
components of the earth's gravity potential. Similar satellites placed near the east-west accelera­
tion zeros over the Atlantic and western Pacific will  tend to drift away from their initial positions, 
but initially only very slowly, at least due to perturbations of the earth's field (see also Reference 1 
and 8). The present study of the drift of three 24-hour satellites over a period of two years indi­
cates these east-west equilibrium points in the earth's field at synchronous altitudes a re  at: 

A,  = 76.7 f 0.8" (dynamically stable equilibrium longitude) 

A, = 161.8 f 0.7" (statically stable equilibrium longitude) 

A, = -108.1 f 1.0" (dynamically stable equilibrium longitude) 

A, = -12.2 f 0.7" (statically stable equilibrium longitude). 

These longitudes and their standard e r rors  have been calculated through Equation 2 from the 
geoid harmonics and their likely deviations at the bottom of Table 14. The derived geoid in Table 
14, reflecting the drift record of the 24-hour satellites, is as free as we can make it from model 
bias. This includes higher order earth effects, as well as sun and moon gravity effects, and the 
e r ror  sources in the data reduction methods. Therefore these equilibrium longitude zones a re  
believed to be absolute measures. Barring a much stronger higher order earth longitude dependent 
field than appears likely now, the true equilibrium zones should fall within the limits above. 

To calculate the maximum east-west station keeping requirements for geostationary satellites, 
we compare Equation B4 with Equation C1. The longitude perturbing force per unit mass on the 
circular orbit equatorial 24-hour satellite given in terms of the drift acceleration (in radians/sid. 
day2) it produces, is 

(-X /../a:)
FA = 127? 

= -0.00621 ft/sec2 , 

for  as = 6.611 earth radii, with in units of rad /sid. day z. The maximum longitude acceleration 
which might be experienced by such a satellite is (from Figure 9) 

Amax = -(3.18 f0.08)~10-~rad/sid. day2 


= -(1.83 *0.05)~10-~degrees/day2 , 
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4 

at A = 118" E (over Indonesia). Using the conservative upper bound of Equation 18 in Equation 17, 
we calculate the maximum east-west station keeping requirements for the geostationary as (follow­
ing Reference 3, p. 31): 

= 0.00621 x 3.26 x 86,400 (sec/day) x 365 (da~s/yr)xlO-~ 

= 6.38 ft/sec-yr) . (19) 

Other longitudes where near maximum east-west station keeping requirements on geostationary 
satellites would exist, occur roughly halfway between A,  and A, , A, and A,, and A, and A, in Equations 
16. 

DISCUSSION 

Perhaps the best check on the validity of the geodetic results of this study (in Figure 9 and 
Table 14) is a recent private communication from R. R. Allan to the author (June 1965). M r .  Allan 
of the Royal Aircraft Establishment in England reports the following gravity harmonics as seen by 
Syncom 2 drift in arcs  1-5: 

J,, 

A,, 


J3, 


A,, 


J,, 

A,, 

= -1.80X10-6 

= -15.0" 

= 0.178X10-6 

= 24.7" 

= -0.017XlO-6 

= 37.9" . 

Mr. Allan performed his independent reductions on essentially the same orbit data in arcs  1-5 as 
found in this report (in Appendix A). Allan apparently used a somewhat different analysis than 
here. He removed sun and moon perturbations by a semi-analytic technique and solved for all the 
harmonics directly from the drift in the arcs  by an iterative method. His best results for H , ,  and 
H,, are well within the standard deviations reported for the final values in Table 14 except for A,, 

which does not differ significantly. 

The present study could come to no firm conclusion on H,, except to estimate broadly that 
0.01< IJ,, x 106) < 0.03 (see Conclusions). The best external check on the results, (at least for 
H,, and H33)is found in the recent geodetic reductions in Table B1. For the two dominant sectorials 
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through third order, the results of this study agree most closely individually and as a set with the 
Doppler - satellite geoids of Guier (1965) and Anderle (1965), and the camera - satellite geoid of 
Kaula (1964). The only surprising result of this study is the phase angle A,, of the lowest order 
"mixed" or tesseral harmonic, which was sensed to be almost 180" from the consensus of recent 
observations (see Table Bl). However, as pointed out QI Section 2 of this report ,  the 24-hour data 
thus far appears to allow for a considerably greater range of A,,'s than settled on in the final geoid 
values of Table 14. The random sampling tests on the 24-hour data (Table 12) showed that A,, could 
be less than 90" (west) without seriously affecting the H,,  and H,, harmonics determined from the 
estimated "best" data. Since the inclusion of H,, into the gravity synthesis of that data did not seem 
to improve the situation with regard to H, we must wait for more acceleration data, particularly 
from the equatorial 24-hour satellites, to clear up the mystery of the apparent discrepancy in this 
harmonic. It should be emphasized again, however, that the reported values of H, ,and H,, as  a set, 
even without the inclusion of H, ,,give nearly as good a reproduction of the "best measured" ac­
celerations as the complete third order geoid reported. In fact, it is believed that the reported H , ,  

and H,, values a re  individually absolute within their stated deviations, and are  not expected to vary 
significantly from these ranges when the 24-hour data is complete enough to reveal fourth order 
gravity as well. 

The greater part of the effort in this study has been to obtain long term accelerations with as 
small likely deviations as possible. As Appendix C shows, not a great deal could be expected of 
obtaining meaningful results on third or  fourth order harmonics from the limited record, unless 
accuracies of the order of 0.1X10-5 rad/sid.day in the longitude drift accelerations were obtained. 
For the most part this goal was met and exceeded. But for much of the Syncom 2 and 3 record it 
was not an easy task because the orbit determinations were often of much reduced quality as can be 
judged from a comparison of the standard test errors  among arcs 1,2, and 8. In the main, use of 
a single well determined longitude location for each reported orbit gave sufficiently precise ac­
celerations for the Syncom arcs, provided the drift exceeded about two months and more than eight 
individual orbits were available for the arc. But in many Syncom free drift arcs the longitude data 
alone was not good enough to obtain sufficiently precise accelerations in spite of the arc length. 
This was especially true for arcs 3, 5B and 7 (see Table 7). For arc 3, the length was short of two 
months, but even with the use of two longitudes in each GSFC reported orbit to help determine the drift 
velocity changes, unacceptable precision of about lX10-5 rad/sid.day2 was all that could be 
attained. In arc 5B (and the latter sub-arcs of arc  5) some of the single longitude estimations in 
November 1964 and January 1965 proved so poor they were discarded altogether as  drift velocity 
indicators and replaced for this purpose by successive longitude estimations for those orbits. 

In Reference 6 the use of such drift rate data from a single orbit was discussed. In theory it 
should provide a semi-independent determination of the accelerations in the Syncom arcs since an 
orbit is specified by both independent position and velocity information. However, except for isolated 
regions in the 24-hour record, the velocity (or semimajor axis) measurements were not as "smooth" 
for the purposes of the analysis as the position (longitude) measurements. In theory this is under­
standable since the differences of two errored equator positions and crossing times over a small 
time span gives the velocity from one independent orbit determination. The satellite velocity 
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determined from two independent "best" position measurements over a longer base time (between 
orbits) should have superior precision. For example, in arc 5', we could only measure the best 
acceleration from such single orbit velocity data with a precision of 0.11X10-5 rad/sid. day2 com­
pared to 0.4X10-5 rad/sid. day2 in arc  5 covering essentially the same Syncom 2 orbits (see also 
the results of the semimajor axis analysis in Reference 3). It appears on inspection that the mean 
semimajor axes for these orbits, reported by GSFC but not presented here, change with sufficient 
smoothness over arc 5 to permit independent acceleration determinations to be made from them 
within 0.1X10-5 rad/sid. day2 accuracy. Alternately, one could also use for this purpose the 
average drift rate from three or  four successive Equator crossings generated from a single set 
of vector elements in the presence of sun and moon and zonal gravity perturbations (such as in 
Appendix A). The "mean" semimajor axis implies such velocity smoothing over the perturbations 
for a number of days past the orbit epoch. 

Both of these velocity-from-single-orbit approaches will  be tried in the future on a more 
thoroughgoing basis than here to augment and refine the rather inadequate 24-hour acceleration 
record presently available for the Syncom satellites. It is hoped that such an augmentation of the 
past record, together with new equatorial data from Syncom 3, Early Bird, and near future 24-hour 
satellites will  produce a clear picture of H, as well as show conclusive evidence of fourth order 
resonant earth gravity. The earth harmonics of higher than fourth order appear to be beyond rea­
sonable discrimination from 24-hour altitudes until far more data is available than is foreseen for 
the next few years. 

With a few exceptions, noted in the tables of Section 1, the orbit data used in the arc  analyses 
a re  believed to be substantially free from all but gravity perturbations (see also the Discussion in 
Reference 3). For example, in AppendixE, a re  calculated likely magnitudes for residual atmospheric 
drag and solar radiation pressure accelerations on the 24-hour Syncom satellites. These a re  found 
to be entirely negligible compared to resonant earth gravity accelerations. 

CONCLUSIONS 

From this comprehensive investigation of the long term gravity drift of three 24-hour "syn­
chronous" satellites over a period of two years (1963-1965), the following conclusions a re  drawn: 

1. Virtually all of the east-west geographic acceleration of these satellites can be accounted 
for by the second and third order sectorial harmonics of the earth's gravitational field which 
resonate with them. 

2. 	With due adjustment for small effects of sun and moon gravity and the neglect of likely 
higher order resonant earth gravity, these dominant sectorial harmonics a re  estimated 
to be 

J Z 2  = -(1.816 f0.020)~10-~, 
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which corresponds to a difference in major and minor axes of 69.4 f 0.9 meters in the 
earth's elliptical Equator, and 

A,, = -(15.4*0.3)" , 

which is the longitude location of the major axis of the elliptical Equator, and 

J3, = -(0.171 +0.017)~10-~ 

A,, = 24.9 k 3.3" . 

3. 	The sectorial harmonics. above, within their ranges, a re  believed to be absolute or true 
measures of those individual components of the earth's field. 

4. 	 A third pair of third order resonant earth harmonics was just evident but poorly discriminated 
from the limited acceleration record. The data shows tentatively 

A,, = -(168*26)" . 

5. 	 Tests of the complete 24-hour satellite record for the effects of individual fourth order 
earth resonant gravity harmonics were inconclusive but gave some evidence that 

0.01 < ]J4, x lo6\ < 0.03 . 

6. 	 The geoid resulting from this close study of operating 24-hour satellites implies that an 
equatorial synchronous satellite can be in uncontrolled long term east-west equilibrium 
at only the following four longitude locations: 

A, = 76.7 f 0.8" (dynamically stable east-west equilibrium) 

A, = 161.8 f 0.7" (statically stable east-west equilibrium) 


A, = -108.1 f 1.0" (dynamically stable east-west equilibrium) 


A, = -12.2 f 0.7" (statically stable east-west equilibrium). 

7. 	The maximum long term longitude acceleration due to earth gravity which can be experienced 
by the nearly geostationary satellite, according to the 24-hour acceleration record thus fa r ,  
is conservatively 1= -1.88XlO-, degrees/day2, at about 118" east of Greenwich. 
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8.  	To correct continuously for this east-west acceleration would require a velocity increment 
of 

AV,,, = 6.38 ft/(sec-yr) . 

9. 	Further study of the drift of both present and near future 24-hour satellites should be re­
warded in a few years by the first unambiguous picture of the earth's resonant longitude 
gravity field through fourth order. 
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Appendix A 

Basic Orbit Data Used in This Report 

Vector and mean elements for Syncom 2 (arcs 1, 2, 3, 4, 5, and 8) and Syncom 3 (arcs 6 and 7) 
were used as basic data in this report and are reported in Tables A1 and A2 below. These elements 
were calculated by the GSFC Tracking and Data Systems Directorate from radar and minitrack ob­
servations on the satellite made over a period of about three days per orbit following the listed epochs. 
The orbit determination program used for the calculation of these elements employed a gravity-earth 
model with the following constants (see Appendix B): 

pearth 
= 3.98627X105km3/secZ 

R, = 6378.388 km/mean equatorial earth radius 

J z o  = 1082.21XlO-6 

J s 0  = -2.29XlO-6 

J,, = -2.10X10-6 

psun = 332.490 pCLearth 

Pmoon
= 0.01229491 p e a r t h  

The Equator crossing data in Section 1of this report was cr ivec (mainly) by generating nu­
merically a short trajectory from the vector elements of Tables A1 and A2 utilizing the gravity-
earth constants above. The absence of longitude earth gravity in the orbit determinations for the 
Syncom satellites generally limited the time for which data could be applied to each orbit to less 
than a week. 

The numerical trajectory generator employed in deriving the Equator crossing data and in 
running the long simulated longitude gravity trajectories in Section 1, is called "ITEM" at Goddard 
Space Flight Center. Details of this generator can be found in GSFC Document X-640-63-71, "Inter­
planetary Trajectory Encke Method (ITEM) Program Manual", May 1963. 

The basic subsatellite position data for arc 9 (Early Bird) was supplied by Robert H. Green of 
the Comsat Corporation (see Table 9). It was determined by simultaneous range-azimuth-elevation 
observations on Early Bird from the A. T. and T. tracking facility at Andover, Maine. 
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Table A1 

hnertial Position and Velocity Coordinates for Syncom 2 and Syncom 3 as Reported by GSFC.* 

T i d i n g  Epoch 
(Yr-modayAr-mio UT) 

X 
(1G' km) 

Y 
(IO' km) 

z 
(IO' km) 

i 
i l m h e c )  

9 
( k m / s e c )  

/63-s-18-1-30.0 1.8517253 -3.6656408 -0.95346425 2.5197630 0.87510544 
63-8-22-6-12.1' 3.8192813 0.19653916 1.7132339 -0.64139671 2.8111679 
63-8-26-17.0 -3.9190365 0.11434463 -1.3838910 -0.030659063 -2.7659652 
63-8-31.0 1.2517473 -3.8173186 -1.2805028 2.7082374 0.42130411 
63-9-3-13-23.0 -2.6683093 3.2430659 0.37724660 -2.0920991 -1.5282086 
63-9-5.0 1.5690433 -3.7540418 -1.1058861 2.6179496 0.66119258 
63-9-9.0 1.8101775 -3.6842867 -0.96169979 2.5333080 0.84135057 
63-9-12-2.0 3.4100141 -2.4566111 0.33394973 1.4036497 2.1145471 
63-9-17-2.0 3.5605032 -2.1949356 0.52762629 1.1881299 2.3199229 
63-9-20-2.0 3.6381029 -2.0310580 0.64240062 1.0551433 2.3993342 
63-9-27-2.0 3.7828113 -1.6282253 0.90343513 0.13324914 2.5517582 
63-10-1-2.0 3.8398851 -1.3915057 1.0449696 0.54192106 2.6322531 
63-10-8-2.0 3.8991221 -0.96844341 1.2765410 0.22281006 2.7325580 
63-10-14-2.0 3.9114166 -0.59213158 1.4569605 -0.059266662 2.7895298 
63-10-22-2.0 3.8655564 -0.089231501 1.6821569 -0.43011588 2.8231687 
63-10-30.0 3.7935111 -1.5763511 0.94831895 0.69205550 2.5804974 
63-11-6.0 3.8124273 -1.1162815 1.1818209 0.38097748 2.6938419 
63-11-12-5.0 1.14460 10 3.4554430 2.1294725 -2.1244144 1.2840822 
,63-11-18-13.0 -3.1038102 -0.58064695 -1.9332132 0.90159960 -2.1961251 

3.4781437 1.1376687 2.0944123 -1.2933144 2.7059520 
63-12-4.0 3.7151749 0.53514140 1.9201218 -0.81415111 2.8043813 
63-12-10.0 3.5131662 0.92615699 2.0319487 -1.1461180 2.1500585 
63-12-16-11.0 1.0227024 -3.8691081 -1.3292554 2.1458351 0.25931246 
63-12-23-19.0 3.0804533 -2.8781714 0.055186822 1.7485346 1.9038213 
64-1-6-11.0 2.2436953 -3.5177574 -0.60704656 2.3262615 1.2062956 
64-1-9-6.0 -3.0926247 2.8665793 -0.080953346 -1.7324029 -1.9189081 

3.3299438 -2.5658898 0.32807382 1.4191110 2.1321920 
3.7030012 0.56000451 1.9369923 -0.88159725 2.8080493 

64-1-29-20.0 3.8204264 0.093111361 1.1811029 -0.55721411 2.8312181 
64-2-5-16.0 2.8698222 -3.0816991 -0.10282631 1.9209148 1.7308532 
64-2-10-19.0 3.8650196 -0.19769561 1.6738813 -0.34615331 2.8365031 
64-2-11-11.0 3.7268026 -1.1536001 0.30292256 0.82362190 2.5381818 
64-2-25-19.0 3.6533259 0.69908421 1.9851452 -0.981 20516 2.1965023 
64-3-4-23.0 0.18113658 3.8081583 1.8019013 -2.8341353 0.61101818 

2.0644119 -3.6124046 -0.68632246 2.4052556 1.0131921 

-3.6249111 2.0233288 -0.14902188 -1.0365141 -2.4353607 
2.3283566 -3.4999056 -0.50115805 2.2721038 1.2746548 
0.16296004 3.64904 19 1.9851064 -2.7806607 1.0205339 
3.4461234 -2.4088100 0.50885287 1.3271141 2.2415368 
3.3812421 1.3385265 2.1522160 -1.4069823 2.6125021 

'64-4-25-2.0 -2.5603443 3.3390780 0.2999406G -2.1318214 -1.4881192 
64-4-28-15.0 3.2628949 -2.6693162 0.32101150 1.5461882 2.0856009 
64-5-5-16.0 3.7251132 -1.1632128 0.94048572 0.82412264 2.5449111 
64-5-12-16.0 3.7415309 -1.6861283 0.992968 12 0.76273664 2.5725322 
64-5-19-14.0 2.1849331 -3.1784434 -0.10945226 1.9147957 1.6119452 
64-5-25-15.0 3.4301022 -2.4126224 0.53392194 1.3319460 2.2493385 
64-6-2-21.0 1.7406646 3.1591119 2.1946670 -2.5288299 1.6899106 
64-6-9-21.0 1.6500011 3.2194181 2.1174956 -2.5601432 1.6804633 
64-6-16-15.0 3.5655116 -2.1536100 0.12108034 1 . I  248629 2.3811212 

f4-6-23-16.0 3.6015921 -2.0581512 0.78133380 1.0494431 2.4320601 

44-1-4-2.0 -3.2093967 2.7165420 -0.32063943 -1.6841089 -2.0660650 
64-7-1-3.0 -3.6954496 1.7950581 -0.94963861 -0.85046154 -2.5458831 
64-1-13-11.0 3.1354211 0.41539202 1.9259618 -0.16727529 2.8431082 
64-1-21-21.0 0.68011314 3.6918808 1.9157389 -2.1198310 -0.96706141 
64-7-27-16.0 3.8417868 -0.11824881 1,1510381 -0.39126192 2.8593634 
64-8-3-17.0 3.4664817 1.1480683 2.1210692 -1.2649191 2.1315684 
64-8-11-1.0 -3.3101691 2.4805650 -0.51810386 -1.3894809 -2.2280586 
64-8-11-19.0 1.6959231 3.2024028 2.1645995 -2.5311008 1.6641695 
64-8-25-10.0 1.5330001 -3.8258893 -0.91436182 2.5905352 0.61495556 
64-9-1-10.0 1.7622665 -3.1590544 -0.76800569 2.5108491 0.85857621 
64-9-9-14.0 3.8129406 -0.5680G150 1.5864037 -0.064200095 2.8318419 
64-9-15-12.0 3.4913065 -2.2642849 0.69291203 1.2114165 2.3483095 
64-9-22-10.0 2.3957332 -3.4619283 -0.32713684 2.2142000 1.3764322 
64-9-29-6.0 -1.2051564 -3.4918113 -2.0381961 2.6168512 -1.3311186 
64-10-6-5.0 -1.9021158 -3.0642581 -2.1811915 2.4522966 -1.81 129GG 
64-10-13.0 -3.1909150 1.3890374 -1.2159414 -0.54220619 -2.6929405 
64-10-20-16.0 2.3418688 2.1061165 2.2406431 -2.2408226 2.0926322 
64-10-26-16.0 2.1131218 2.8588045 2.2200911 -2.3218640 I .9849102 
64-11-2-5.0 -1.0515392 -3.5703165 -1.9843669 2.106125G -1.2347065 
64-11-11-2.0 -3.2269498 -1.5931919 -2.1991397 1.5433675 -2.6360291 
64-11-17-6.0 0.44169064 -3.9493268 -1.4221193 2.7941443 -0.14138121 
65-1-10-6.0 1.8733482 -3.1329199 -0.61394831 2.4551255 0.91133874 
65-1-13-16.0 -0.024904411 3.9169200 1.5134233 -2.8064159 0.44943151 
65-1-20-12.0 3.2361444 1.5906403 2.1989944 -1.5260383 2.6448165 
65-1-27-4-5.0 0.42866892 -3.9652039 -1.3910958 2.1914381 -0.14522612 
65-2-2-13-30.0** 1.8326846 3.1317111 2.1684141 -2.4504221 1.7130384 
65-2-16-4-5.0 0.94696655 -3.9573969 -1.1249388 2.1114166 0.24662104
I 

z 
(km/sec) 

1.5296'130 
1.0698498 

-1.3414586 
1.3931010 

-1.6556391 
1.4710835 
1.5232183 
1.6606540 
1.6320863 
1.6084890 
1.5413518 
1.4928190 
1.3929604 
1.2936179 
1.1399466 
1.5229227 
1.4335981 

-0.61733366 
-0.89194623 

0.61180023 
0.90960269 
0.16033281 
1.3585847 
1.6650503 
1.6089899 

-1.6661974 
1.6489369 
0.88485319 
1.0470801 
1.6640514 
1.1356011 
1.5281483 
0.82109998 

-1.0318939 
1.5862758 

-1.5693664 
1.6168211 

-0.81923611 
1.6144312 
0.54080051 

-1 Si428186 
1.6366277 
1.5038900 
1.4891381 
1.6605955 
1.601ZG11 

-0.43439828 
-0.41782909 

1.5668312 
1.5495642 

-1.6318323 
-1.5023067 

0.87209834 
-0.88566596 

1.0493365 
0.58214636 

-1.GOGZO91 
-0.48003491 

1.5013075 
1.5418150 
1.1715632 
1.5648130 
1.6238887 
0.70292893 
0.39976832 

-1.3843106 
-0.18928830 
-0.28044993 
0.11366311 

-0.35716605 
1.2691720 
1.5116495 

-1.1686893 
0.33028481 
1.2721610 

-0.49949115 
1.4128023 

*From rhc Data Sysrems and Tracking Dirccrontr, computed Irom mngc and ronge n i e  and Miniuack h u  by R o h r r  Chnplick, Gernld Repass, and G r l c i o n  Carver, Irrm an orbit determination pmgnm 
due to Dr. Joseph Siry (see reit in Appendix A lor canh-p,nriiy constants used in this pr0pm.1 The incrtinl o r t h o g o ~ lsystem I. y, I hnr the x ax is  poincing rownrds the vernal cquinar d epoch 
and rhc z axis  pointing towards rhc North Celerrinl Pole. 

**7his mbir gnvc unacceptably lrrgc rcsidvals in rhc occcleni ion nnalyris iii Secrion 1 and was consequrntly ignorcd there in the final reduction of arc 5 dnm. 
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Table A2 

Inertial Position and Velocity Coordinates or Mean Elements for Syncom 2 and Syncom 3 a s  Reported by G S F C f .  

~~ 

Right 
Ascension 

TrackingEpoch 
X Y 1 t Y t Semimajor Axis Mean Argument of the 

(yrmdaphrmin UT) (10' !on) (10' km) (lo4 km) (km/sec) (km/sec) ( k d s e c )  
(earthradii) Eccentricity (degrees) 	 Anomaly of Perigee Ascending 

(degrees) (degrees) Node 
(degrees) 

I 
1~65-1-14-23.5 
65-1-30-13-10.0 
65-2-2-6.0 
65-2-9-11.0 
65-2-16-12.0 

7i65-2-23.0 
1.2675646 
-3.4792181 
3.2099039 
-2.2119906 
-3.3564297 
3.5938828 

-4.0179928 
2.3828935 
2.7368950 
3.5906580 
2.5533931 
-2.2084394 

-0.051959215 
-0.0058904292 
0.0073851190 
-0.00494869 59 
-0.0042520595 
0.0096558595 

2.9359926 0.92060244 
-1.7368621 -2.5371972 
-1.9943285 2.3390669 
-2.6173528 -1.6131485 
-1.8613403 -2.4471176 
1.6094139 2.6188512 

-0.047842619 
-0.0083528082 
0.0012901180 
-0.0081798989 
-0.0086970709 
0.0026358856 

65-3-2.0 
65-3-9.0I65-3-16.0 3.8120235 

3.9810232 
4.1104734 

-1.8069874 
-1.3940918 
-0.9560503E 

0.015075846 
0.0045517934 
0.026135089 

1.3165671 2.7773230 
1.0162757 2.9011202 
0.69589465 2.9925915 

-0.00057799012 
0.0024674641 
-0.00060597968 

65-2-25.0 -2.6260533 -2.4306852 -2.2283266 2.0528730 -2.2888731 0.081154582 
65-3-3.0 -2.3397165 -2.7254249 -2.2051595 2.2300224 -2.1051269 0.23910311 
65-3-6.0 6.6112847 .00076 31.939 308.359 
65-3-13.0 6.6113429 .00069 31.912 326.845 

-0.85799562 -3.6815475 -1.8631946 2.7341821 -1.0890101 0.89574242 
6.6111445 .00069 
6.6111335 .00073 

.00065 

.00063 
6.6110035 .00061 
6.6109407 .00059 31.731 0.012 


*From &e Dam System and Tracking Directorate (see note in Table A l ) .  The mean elements, good for more than one orbit (smoothing out the periodic sun,mwn, and zonal gravity effects) are calculated from the vector elements 
of position and velocity according to a theory due to D. Btouwer. 





Appendix B 

Earth Gravity Potential and Force Field Used in This 
Report: Comparison with Recent Investigations 

The gravity potential used as the basis for the data reduction in this study is the exterior 
potential of the earth derived (in Reference B1 at the end of this appendix) for geocentric spherical 
coordinates referenced to the earth's spin axis and its center of mass (Equation Bl). The infinite 
series of spherical harmonics is truncated after J,, because the great height of the synchronous 
satellite makes it very insensitive to higher orders of earth gravity. The zonal gravity and other 
earth constants used in this study (and illustrated in Equation B1) are  from Reference B2 and repre­
sent a somewhat outdated set used by GSFC in the orbit determination program for the Syncom 
satellites (see Appendix A). They are  (with the corresponding mean equatorial radius): 

R, = 6378.388 km/mean equator earth radius (Reference B3), 

peesrth= 3.98627X1O5 km3/secz (Reference B3), 

J z o  = 1082.21X10-6, 

J,, = 2.29X10-6, 

J,, = -2.10X10-6. 

Though these values individually a re  not the most accurate known to date (1965),they were 
chosen for the trajectory generations in this study to insure consistency with the published orbits. 
The longitude gravity reductions themselves are  not significantly affected by the probable e r ro r s  
in these zonal gravity and other principal earth constants. The most accurate "zonal geoid" is 
still probably that of Kozai (1962)in Reference B4, with the following constants: 

R, = 6378.2 km, 

peearth= 3.986O3X1O5 km3/secZy 

J z o  = 1082.48X10-6y 

J 3 ,  = -2.56X10-6, 

J,, = -1.84X10-6, 

plus higher order terms. 

A good review of zonal gravity investigations from satellite observations through 1965 is to be 
found in Reference B5. 
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NORTH 

J 2 0  RoZ R,2v, = (3 s i n 2  4 - 1) - 3J2, - cos2  $ c o s  2 ( A  - A 2 * )
r 2  

,As, ~ 1 6 8 'WEST 

J30 R: J 3 1  R: 

2r3  
(5 s i n 3  4 - 3 s i n @ )  - ~ 

2r3 
COS @ (15 s i n Z @- 3) cos (A - A31) 



-- 

-- 

J 4 0  R: 
8 r 4  

(35s i n 4  4 - 30 s i n * +  t 3) 

5 4 2  Ro" T r r A  

J 4 3  KO.
8 r 48 r 4  (420 s in '  + - 60) cos' @ c o s2 (A - A 4 2 )  - ___ 840 s i n 4 c o s 3 @ c o s3 ( A - A 4 , )  

5 4 4  RO4 
8r  4 

840 cos4 @ COS 4 (A ­

79 



The earth-gravity field (per unit test  mass), whose potential is Equation B1, is given as the gradient 
of B1, or 

or  

Fr = -{ - l t (Ro / r )2  [3/2Jz0 ( 3 s i n 2 + - l )  + 9 J 2 2 ~ ~ ~ 2 + ~ ~ ~ 2 ( A - A 2 2 )PE 

rz  

t 2(R0/r) J 3 0 ( 5 ~ i n 2 + - 3 )  ( s in+)  +6(Ro/r) J31( 5 s i n 2 + - 1 ) c o s + c o s ( h - X J 1 )  

t 60(Ro/r) J 3 2  c o s 2 + s i n + c o s  2(A-A3,).+ 60(R0/r) J 3 3 c ~ ~ 3 + ~ ~ s 3(A-X,,)  

+ 5/8 (Ro/r) J 4 0  (35 s i n 4  4 - 30 s i n '  4 + 3) 

+ 25/2(R,1r)~ J,l ( 7 s i n 2 + - 3 )  c o s + s i n + c o s  ( A - X q l )  

t 75/2(R0/r) J 4 2  (7 s i n Z + - 1) COS' + C O S  2(A-A4,) 

t 525 (Rap) J43cos3 4 s i n  + c o s  3 (A - X43) f 525 (Ro/r) J44cos4 + C O S  4 (A - A,,)]} (B3) 

PE (6J22c o ~ + s i n 2 ( A - A ~ ~ )FA = T ( R ~ / ~ ) ~  + 3/2(R,/r) J J 1  ( 5 s i n 2 + - 1 )  s in(A-AJl)  

t 30 (Ro/r) J 3 2  cos  + s i n + s i n  2(A - A3z)  t 45(R0/r) J 3 3  c o s 2  + s i n  3 ( X  - A 3 3 )  

t 5/2(Ro/r)' J41 (7 s i n 2 + - 3 ) s i n + s i n ( A - A 4 1 )  f15(Ro/r)z J 4 2 ( 7 s i n 2 + - l ) ~ o s + s i n 2 ( A - A , ~ )  

+ 315 (Ro/r) J 4 3  cos2  4 s i n +  s i n  3 (A - A43) 

+ 420 (Rap) J4, cos3 4 s i n  4 ( A  -A,,)} , 
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P E  


F+ = (Ro/r) {-35 2 o  s i n  +cos 4 + 6Jz,cos + s i n  4 cos 2 (A - A, ,) 

-3 /2(Ro/r)J30 ( 5 s i n 2 + - l )  c o s 4  + 3/2(R0/r) J B 1( 1 5 s i n 2 + - l l )  s i n + c o s ( h - A 3 $  

- 5/2(R0/r), J 4 0 ( 7 ~ i n Z + - 3 )+ 4 5 ( R o / r ) J 3 3 ~ ~ ~ 2 + s i n + c o s 3 ( A - A 3 3 )  s i n +  c o s +  

t5/2(Ro/r)2 Jill (28 s i n 4 + - 27s in'  + + 3 ) c o s ( A - A 4 J  

+ 30 (Ro/r)2 J4 ,(7 s i n Z +- 4) cos + s i n  + cos 2 (A - A4,) 

+420(RO/r), J 4 4  c o s 3 + s i n + c o s  4 . 

The actual sea-level surface of the earth is to be conceptualized through Equation B1 as a sphere 
of radius 6378 km, around which a re  superimposed the sum of the separate spherical harmonic 
deviations illustrated. To these static gravity deviations, of course, must be added a centrifugal 
earth-rotation potential at the earth's surface, to get the true sea-level surface. 

Table B1 gives longitude coefficients for this earth-gravity field form as reported by geodesists 
from 1942 to 1965. 

The longitude gravity represented in Equation B1 represents only that gravity determined in 
the final longitude geoid of this report (see Table 14). (The longitude gravity drift simulations 
used slightly different values than these as reported in Sections 1 and 2.) The coefficients of this 
longitude geoid are  

J Z 2  = -1.816XlO-'j , 

A,, = -15.4" , 

J J 1  = -1.4XlO-'j , 

A 3 1  = -168", 

J 3 3  = -0.171XlO-'j , 

A 3 3  = +24.9". 

Other longitude coefficients from recent studies are reported in Table B1 for purposes of compari­
son. The maximum geoid heights and depressions illustrated in Equation B1 are proportional 
to the J,, amplitudes of the corresponding gravity harmonics. 
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Longitude Geoid 
Reference J z z  '22 1 3 1  A3 I 1 3 2  '3 2 1 3 3  J44 

(1)Wagner (1965af -1.81 x 10-6 -15.4" - 1 . 4 ~ 1 0 ' ~  -168.0" -.171x10-6 24.9" 

(2) Izsak (1965f -1.57 -15.2' -1.72 -1.0" -.300X10-6 -32.5' -.199 32.4' - . 5 1 9 ~ 1 0 - ~  -134.0" - . 1 3 8 ~ 1 0 ' ~  35.5" 
-6 

-.0413x10 -2.7' - . 0 0 7 6 ~ 1 0 - ~  27.2" 

(3) Guier (1965f -1.72 -13.4' -2.01 6.7" -.477 -14.6" -.165 18.7" -.679 -142.0" -.193 23.4" -.0506 0.2O -.0060 34.5" 

(4) Anderle (1965)3 -1.86 -16.0" -2.32 7.0" -.455 -21.3" -.242 23.5" -.723 -130.0" -.158 33.7" -.0626 -4.3' -.0116 34.6" 

(5) Kaula (1964)' -1.77 -18.2" -2.12 -5.4" -.379 10.5" -.lo5 23.1" -.263 -239.0" -.117 42.3' -.0473 15.0" -.0104 14.5" 
(1966) -1.82 -14.9 -2.27 5.5 -.36 -21.9 - .194 22.6 -.184 31.2 -.0081 

(6) Uotila (1964)' -1.52 -36.5" -0.685 -81.0" -.409 -5.2" -.398 19.5" -.238 -127.0" -.211 14.6" -.082 -9.3' -.0142 -2.6" 

(7) Kozai (1962) -1.2 -26.4" -1.9 4.6" -.14 -16.8" -.lo 42.6" -.52 -122.5 -.062 65.2" -.035 0.5" -.031 14.9" 

(8) Zhongolovitch (1961)' -5.95 -7.7" -2.21 -25.7" -.I328 -26.4" -.54 13.0" -.78 -149.1 -.OB0 45.0" -.051 -3.8" -.0224 15.9" 

(9) Jeff r e y s  (1942) -4.1 0.0 -2.1 0.0 -.66 0.0 - 2 4  33.3" 

' t  i s  the radial distance of chc field point to the center of mass of the earth. Y rhc earth's Gaussian gravity consranr E 3.9860 x IO2' cm1/sec2. R o  the mean equatorial radius of the earth 1 6378.2 km. + i s  thcgeocentric latitude of the field 

point. A is the geographic longitude of the field point. J l ,  1 0, since the polar axis i s  very nearly a principal axis of inertia for the parch. P p  ( w n  +) = cosm + Tnmt 4, where K is the intcgrr part of (n - m)/2 and 
(-1)' (2" - 21)! t o  

Trim, = 2 "  I! (n - t ) !  (n - m - 2t)! 
(See Kaula, 1961 [Reference 161 ). The longitude coefficients are those for which m f 0. 

'The Jn;s ond A n i s  m this cable,ercept in one 01 two instancts,  have been converted from the original author'a set of gravity coefficients. The blanks indicate the author did not consider chat partrcular harmonic in fitting an earth potential 

to rhe observed data. 

'Sutellice .radar geoid. 

"Satellite-camera geoid. 

Surfocc-gravimetric geoid. 
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Table B2 


References and Notes to Longitude Geoid Data of Table B1 


Longitude Geoid Reference 

(1) 


(3) 

(4) 


(5) 

(6) 

19) 

This report 

Data due to I. Izsak quoted in: IlY. Kozai," Summary of 
Numerical Results Derived from Satellite Observations," 
paper presented at the 2nd International Symposium on the 
Use of Artificial Satellites for Geodesy, Athens, Greece, 
April, 1965. 

In: "Recent Progress  in Satellite Geodesy,!! Johns Hopkins 
University, APL Report TG-659, Feb. 1965 

Data due to Anderle quoted in the Y. Kozai paper above 
[ for  longitude geoid (2)] 

Private communication to the author (July 1964) from 
W. M. Kaula 

Data due to Uotila quoted in a private communication to 
the author (July 1964) from W. M. Kaula 

Private communication to the author (Oct. 1962) from 
Y. Kozai. 

Data due to Zhongolovitch quoted in: Y .  Kozai, "Tesseral  
Harmonics of the Gravitational Potential of the Earth," 

Notes 

Considers the drift of three 24-hour satellites, two geo­
stationary and one of medium inclination, with fair global 
longitude coverage. 

Uses 10-15medium altitude, medium and high inclination 
satellites; data reduced from Baker-Nunn camera 
observations. 

Uses data f rom about 5 l lTransit l lmedium altitude, 
medium and high inclination satellites, reduced from 
Doppler observations. 

Uses data from both I1Transit" and llAnnallsatellites; 
reduction uses  c ros s  t rack perturbations as well as 
along track. 

Uses about 1 0  medium altitude, medium and high 
inclination satellites. 

Believed by Kaula to be the most comprehensive-
coverage gravimetric geoid to date (1964). 

Uses about 5 medium altitude, medium inclination 
satellites. 

Recent Russian gravimetric geoid for comparison 
purposes. 

Astronom. J. 66(7): Sept. 1961. I 

Data due to Jeffreys quoted in the paper above [for Older gravimetric geoid for  comparison purposes. 
longitude geoid (a)]. 
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Appendix C 

Preliminary Maximum Longitude Accelerations on 24-Hour 
Satellites Due to the Resonant Gravity Harmonics of the 

Earth through Fourth Order 

The source for this appendix is Reference 15. The studies in Reference 1 and especially 
References 3 through 6 have already established the dominance of second order earth gravity 
(represented by the elliptical Equator) on the perturbed drift of the 24-hour satellite. In order 
to establish a reasonable basis for higher order gravity tests, we calculate here maximum 24-hour 
satellite accelerations due to resonant gravity harmonics through fourth order as well. The source 
for the higher order harmonics is Guier (1965), Reference 15 (see also Table Bl) ,  considered to be 
representative of the best of recent high order satellite-geoid determinations. 

To cover the three satellites in this  study, we calculate maximum drift accelerations for 
equatorial (i = 0, Syncom 3 and Early Bird) as well as moderately inclined orbit satellites 
(is = 32.5”, Syncom 2). 

Equatorial Satellites [Syncom 3 and Early Bird) 

From Equation 57B in Reference 1 (or Equation 66 in Reference 2) the long term longitude 
drift acceleration of the 24-hour equatorial satellite is given through fourth order earth gravity 
as 

3h = -1%’ (Ro/a,)* (6 J 2 , s i n 2  (h-h2’)  -T (R,/a,) J 3 1  s i n ( h - h J 1 )  +45(Ro/as) J 3 3  s i n 3 ( h - h g 3 )  

-15(Ro/as)’ J4’ s i n  2(h-h, ,)  + 420(R,,/a,)’ J 4 4  s i n 4 ( h - h 4 , ) )  rad /s id .  day’ , (c1) 

where the following set of harmonic constants a r e  used: 

J 2 ’  = -1.8X10-6 (Wagner, preliminary estimate from this study), 


J 3  1 
= -2.0X10-6 (Guier (1965); Reference 15), 


J 3 3  = -0.17XlO-6 (Guier (1965)), 

J,, = -0.19X10-6 (Guier (1965)), 

J44 = -0.006X10-6 (Guier (1965)). 
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Calculating only the maximum values of the terms in Equation C1 for [R, : i , )  = 0.0229 with 

/h,,(max) 1 e q u a t o r  

IX3dmax)l e q u a t o r  

IL") I e q u a t o r  

0 . 1 2 ~ 1 0 - ~radls id .  day2 ,  

-:0 . 3 1 ~ 1 0 - ~radls id .  day2, 

z- 0 . 0 1 8 ~ 1 0 - ~rad/sid. d a y 2 ,  

For this satellite the maximuin values in Equations C2 and C6 should be multiplied by the 
inclination factors Fnm(i )  (Reference 2, Equation 67): 

3 ,  1 


1 

3, 3 % ( c o s  i 


4,  2 


4,  4 



Evaluating Equations C7-Cll at i = 32.5" gives 

F2'(i) 0.850,  (C12) 

F3,(i) 0 .785 ,  ((34) 

F4'(i) = 0 , 0 6 3 ,  (C15) 

F44(i) 0.723 . (C16) 

Equations C12-Cl6 as multiplying factors of Equations C2-C6 give the maximum accelerations on 
the Syncom 2 satellite due to the gravity harmonics through fourth order as 

1x3 1(max) I Syncom 2 0 . 0 3 ~ 1 0 - ~rad/sid. day', 


I'i;42(max)1 Syncom 0.O O ~ X ~ O - ~rad/sid. day', 


Conclusions 

( C W  

(C20) 

Seven arcs  of longitude-acceleration data (arcs 1, 2, 4, 5A, 5', 5B and 8 in Table 10) a re  
available from Syncom 2 drift with standard e r rors  from (0.03 - O . l l ) X I O - s  rad/sid. day2. With 
this data alone, only both harmonic coefficients of H and H3,should be well discriminated. 
Additionally, one arc  of longitude-acceleration data (arc 9) from Early Bird is available with a 
standard e r ror  of 0.01X10-5 rad/sid. day2. Sun, moon, and model bias accelerations average about 
0.02X10-s rad/sid. day' for all of the above arcs. 

It is anticipated then, that if all the data without model bias adjustment a re  used, H,, and H,, 

should be well discriminated, and the effects of H, should be marginally apparent. The separate 
effects of fourth order resonant earth gravity a re  probably at or below the average noise level of 
this experiment. Only an indication of the probable order of magnitude of fourth order effects 
should be realizable from the available limited acceleration record. 





Appendix D 

The Approximate Longitude Excursion of a Slowly 
Drifting 24-Hour Satellite 

Introduction 

A very close approximation to the geographic drift excursion in a resonant gravity field of a 
24-hour satellite follows the differential equation of motion, Equation 2, (see also Reference 2) and 
is, evidently, given by an elliptical integral such as that developed in Appendix E of Reference 3. If 
the excursion itself is limited in extent, a simple closed form of this solution in terms of harmonic 
functions becomes applicable (References 2 and 9). Unfortunately this solution is essentially non­
linear in the unknown gravity constants. This makes the extraction of these constants from time-
longitude data somewhat cumbersome statistically. If the time in the excursion is limited, a simple 
closed form of the elliptic integral solution is applicable in terms of a power series in the time 
(Reference 3). This solution is essentially linear in the gravity constants and will be developed 
here, by a Taylor series, to cover the excursion M from a longitude A, where the drift rate iois 
low but not zero (as in Reference 3). This solution (within appropriate limits on the excursion 
time A t )  should then be suited to describe the slow drift of the 24-hour satellites in a rcs  1, 2, 6, 7, 
8 and 9 of Section 1. 

Development 

Expanding the drift of the 24-hour satellite from A, (Le., the longitude of the ascending 
Equator crossing)in a Taylor series in the excursion time A t  gives 

xo A t  A d 3 )  A t  A,(4) A t  
M = A - A ,  = A , A t  t T t t 24 t . . .  

When resonant earth terms of higher than second order are ignored, Equation 2 gives 

A = -A2*  s i n  2y , 
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where y is the longitude of the 24-hour satellite east of the minor axis of the elliptical Equator, and 

A,, = - 7 2 ~ ~ J , ,(Ro/a,) [+(cos i s  t 1) 23 rad/sid. day2 . 

Differentiating Equation D2 with respect to time gives 

A ( 3 )  = -2A2, + C O S  2-r = -2A2, h cos 5 . 

Similarly, differentiation of Equation D4 shows that 

.= -2A2,xcos 2y t 4A,, (i)2s i n  2y 

= A,, s i n  4y + 4 A , ,  (k), s i n  2y . (D5) 

Substituting Equations D5, D4 and D2 at A = A, (or y = yo) into Equation D1 gives the excursion 
from A, to fourth order in A t  as 

1+-ijq[A;2 s i n 4 y 0  + 4A,, (io)'sin2yo]  A t 4  + * * .  . (D6) 

The adequacy of a series such as Equation D6 to approximate the actual drift motion stemming from 
the basic differential equation is discussed at greater length in Reference 3. 

A typical value for the "longitude noise" level (due to sun and moon effects and observational 
error) in the actual gravity experiment is 0.025" (see Section 1). W e  wish to apply a polynomial f i t  
to the actualdata to the third degree in A t ,  by way of Equation D6. Such a f i t  allows the acceleration 
in any slow drift arc to vary with time as the satellite samples different longitudes in the gravity 
field. By introducing an additional degree of freedom it also permits the precision of the accelera­
tion determination to vary. Under normal circumstances the "best acceleration'' measurement will 
occur with this f i t  near the "centroid" of the longitude-time data. This statistical result coincides 
with our intuition of where the best measured parameters of the drift should occur. 

Let us  assume that at A t  = 0, A = A,, Y = Y, the drift rate is L o  = 0.1 degree/day. Then Equa­
tion D6, truncated at the A t 3  term, will hold to an e r ro r  of the order of 0.025" at the end of an arc 
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time length At if 

24 sin At4 5 0.025" , (D7)1 (42, sin 4y0 + 4A,, (s)' 
with A,, in units of rad/sid. day'. In Reference 3, A,, for measured Syncom 2 drift over Brazil 
was 

A,, = 23.2~10-~rad/sid. dayZ , 

corresponding to 

i s  = 33" and J,, (measured) = -1.7~10-~. 

We wish to evaluate Equation D7 in the most conservative drift condition (giving the minimum 
At for the inequality to apply). In Appendix F (from Figure 9) it is estimated that for drift of an 
equatorial satellite over the Indian Ocean, J,, (measured) 2 -1.93X10-6, giving the strongest 
longitude acceleration on the 24-hour satellite. From Equation D3, the A,, measured for this 
satellite location would be 

1.94 2 
( ~ ) x ( c o s 3 3 , 0 ~  radhid. day2 . (D8)Az2(max) = 23.2~10-~x + 1)2 31.3~10-~ 

Equation D8 in Equation D7 gives the critical inequality as  

(9.797~10-'@sin4yo + 3.814~10-'~sin2yo)At45 0.01047 (D9) 

with At in units of days. The factor of At4 in Equation D9 is maximum when 2y0 t 48.7", o r  the 
satellite is about 24.4" east of one of the two minor equatorial axis longitudes. At this longitude 
the At4 factor is 12.58X10-10. From Equation D9, the minimum time for inclusion of the At4 
term in Equation D6 according to the above criteria is 

Atmin(for fourth order term inclusion in slow 24-hour satellite drift) E (0.0832~10~)"~ 

f53.7 days. (D10) 
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The conservative time criteria in Equation D10 shows that Equation D6 should give an adequate 
description of the slow drift regime in all the 24-hour satellite arcs  of Section 1. The excellent 
agreement of theoretical accelerations with measured results from A t 3  analyses of the simulated 
data in these arcs confirms the adequacy of this description. (See the bias results in Table 11.) 

Let the drift time from an arbitrary base time t (Le. the beginning of the year o r  the middle 
of the arc for statistical convenience) be given by t .  Let t = 0 be the time (with respect to the 
base time) when the satellite is at A = A, moving at drift rate h,. Let the drift be given from an 
arbitrary base longitude by L. Let the longitude A ,  with respect to the base longitude T. be Lo.  

Then 

M = A - A ,  = L - L o ,  

IA t = t . J 

Equations D11 into Equation D6 truncated at the A t 3  term gives the longitude excursion L as 

L =  

Let 

a2 = A,, 

A2 2 
a 3  - - 2 s i n  2y,, 

J 
Equations D13 in Equation D12 gives the drift from the arbitrarylongitude r, in the terms of the time 
from an arbitrary base time t as 

where the four arbitrary constants of Equation D14 serve to define the elements L,, io,A,, and y o  

of the arc dynamics in terms of a purely second order resonant gravity drift, presumably dominant 
at 24-hour altitudes. 
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It is easily seen from Equation 2 that the effect of higher order resonant gravity on the slow 
drift expansion, Equation D6, is to merely alter the coefficients of the A t 2  and higher order terms. 
The fundamental polynomial representation does not change. 
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Appendix E 

The Secular Accelerations on Syncom 24-Hour Satellites 

Due to Particle Atmospheric Drag and Solar Radiation Pressure 


Introduction 

We have seen previously (Section 1) that the long term tracking of the three 24-hour satellites 
(modeled after Syncom) has provided a discrimination of drift acceleration of the order of 0.1X10-5 
rad/sid. day2. It will be instructive to compare this figure with the likely long term accelerations 
on these satellites due to particle-atmospheric drag and solar radiation pressure. In performing 
this calculation, we will follow the work of D. D. Williams in Reference 7. We shall assume that 
long term secular accelerations in drift from these sources will be negligible on the gravity 
analysis here if these accelerations are of the order of magnitude of 0.01X10-5 rad/sid. day2 o r  
less. 

Atmospheric-Particle Drag 

With respect to the drag caused by a continuum of nonmeteoritic particles in the upper atmos­
phere, Williams distinguishes two cases. The first is drag caused by particles of residual earth 
atmosphere, at rest  but not rotating with respect to the earth. The second is drag caused by the 
interplanetary particles, at rest  with respect to the sun in the earth’s orbital path. 

Residua 1 A trms pheri c Drag 

For a conservative Syncom spacecraft mass of only 0.75 slug and fully elastic collisions, 
Williams calculates the density of residual atmosphere at 24-hour altitudes necessary to produce 
one degree of longitude drift in a year to be 

p = 0.1826~10-”g d c c  (with drift proportional to density). 

An estimate of the order of magnitude of the residual atmosphere at 24-hour altitudes is (Reference 
El at the end of this appendix, pp. 2-8) 

p 10-21 gm/cc 
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The acceleration, in radians per sidereal day2, necessary to give a drift of one degree in a year 
is (from M = 1/2 At2) : 

2 A h  2x1"
- rad/day2 .h 
At2 57.3"/radx(366 sid. day)2 

0 . 2 6 1 ~ 1 0 - ~  

Thus, for a Syncom spacecraft (including empty apogee motor) of 2.34 slugs, the drift accelera­
tion due to residual atmosphere drag should be of the order of 

(residual atmosphere) 2 0 . 2 6 1 ~ 1 0 - ~ x  1826~10-l~)(10-21/0. x(0.7W2.34) rad/sid. day2 


= 0 . 4 6 ~ 1 0 - ' ~= 0.0000046x10-s rad/sid. day2 . 

Clearly, the long term acceleration effects of residual earth atmosphere on the 24-hour satellite 
gravity experiment are negligible. 

Interplanetary Particles (Non Meteoritic) 

Again, for a Syncom spacecraft mass of 0.75 slug and fully elastic collisions, Williams 
calculates the density of (solar stationary) interplanetary particles necessary to produce one 
degree of longitude drift in a year to be 

with the drift proportional to the density. From Reference El,  pp. 2-8, the interplanetary density 
is of the order of gm/cc. Thus, for a Syncom spacecraft of 2.34 slugs, the drift acceleration 
due to solar stationary interplanetary particles should be of the order of 

(interplanetary particles, non meteoritic) 2 0 . 2 6 1 ~ 1 0 - ~ x  1257~10-'~)x(O.75/2.34)(10-22/0. 

= 0.O O O O O ~ ~ X ~ O - ~rad/sid. day2 


In summary, the effects of residual atmospheric and solar-stationary interplanetary particke drag 
on the 24-hour satellite gravity experiment appear to be insignificant. 

Solar Radiation Pressure 

In Reference E2, Appendix F, it was shown that the solar radiation force on Syncom was about 
five orders of magnitude less than the solar gravity force. But the conclusion does not follow that, 
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because of this, the solar radiation pressure perturbations are insignificant compared to solar 
gravity perturbations. The reason is that solar gravity perturbations of an earth satellite arise 
from the slightly different solar gravity accelerations experienced by the earth and its satellite. 
Solar radiation pressure caused accelerations of the earth, on the other hand, are extremely small 
because the earth presents to the sun a very small projected area/mass ratio. Thus between the 
two effects, we ought to compare the differences (between earth and satellite) of large accelerations 
due to solar gravity, with the small acceleration on the satellite alone due to the solar radiation 
pressure. It is by no means certain which effect will predominate for any given satellite. Ex­
perience with the Echo satellites has shown that for  satellites with sufficiently large area/mass 
ratios, radiation pressure effects cannot be ignored. 

Instead of making a direct comparison of solar gravity and radiation effects, since they do not 
act analogously (as was tacitly assumed in Reference E2), we shall merely calculate here the secular 
effect of radiation pressure pertinent to the 24-hour satellite gravity experiment. 

In Reference E2, Appendix F, it is calculated that in August 1963 the radiation force on Syncom 
2 (for full radiant energy absorption) was 4.13x10-7 pounds. With a spacecraft mass of 2.34 slugs, 
this gives an acceleration caused by radiation pressure of 4.13X10-'/2.34 = 1.77X10-7 ft/sec2. In 
Reference 7 on p. 13, for  a spacecraft mass of 0.75 slug, the radiation acceleration is calculated 
as 4.3OX1OD7ft/sec2 for a fully reflecting equatorial spacecraft at the equinoxes. For a 2.34 slug 
equatorial Syncom, fully reflecting (with spin axis pointing north) at the equinoxes, the radiation 
acceleration would be 4.30X10-7X(0.75/2.34) = 1.38x10-7 ft/sec2, since the radiation pressure 
acceleration is inversely proportional to the mass (at constant projected area). This latter ac­
celeration actually represents the most con­
servative value for Syncom for our purposes 
since in this configuration the sun is in the orbit 
plane and no part of the solar pressure is -,wasted on "plane change effects". , I 

/ 
/ 

/

Consider in Figure E l  the Syncom-earth- / / 

sun orbital geometry in this  latter configuration ,/ 
(from Figures 2-4, Reference 7) ,  where a is the 1 

I
earth rate about the sun, and trs is the orbital I 

argument of Syncom with respect to the moving I SUN I 

earth-sun line. At t = 0, O s  = B o  which is the ', I 
1 

I
initial sun-satellite argument, for example, at ', /

\
the first ascending Equator crossing in an arc. \ / 

/ 

\ 

Clearly, when Os is positive, solar pressure \ / 
/ 

/acts to retard the motion of the satellite. When 
'\ . - -___ - -,/ 

, 

O s  is negative, the pressure adds energy to the 
satellite. In fact, from Figure E l  the energy 

Figure El-Equatorial Syncom-earth-sun orbital configu­
adding (Or force (per unit mass) ration at the equinoxes, looking south (after Williams). 
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on Syncom due to solar pressure is 

F = -Fs cosp  = -Fs s in8 , '  -Fs s i n e ,  

since 8 ;  5 Os due to the small "parallax" of the sun from the 24-hour orbit (- 1 min of arc). From 
Figure E l  also 

e ,  = wst - at t eo . 

Thus 

F -F, s i n k ,  - a )  t +e0] = -F, ccos e, sin(ws - a )  t t sine, cos (Us- a )  t] . 

The orbit averaged ( w ,  t = 271) solar pressure perturbing force (per unit mass) is then 

Fs 2 n / w ,
-
F = - 1 s i d .  day I, [cos 8, s i n  (ws - a )  t + s i n e ,  C O S  (w, - a )  t] d t  

Fs [cos (F)- 11 cos eo t F, [.in (-)I s i n e ,  
- _.. ..-

(Us -a) 

2naF 
[sin (%)I sin 8, fo r  -small ,U S  

with us and a in units of rad/sid. day. But w s  = 271 and a A 271/366 = 0.01715. Therefore 27ra/ws 

0.01715 radians and w, - a 4 6.26 rad/sid. day. Thus 

FSx0.01715s i n  e,
F ( s o l a r  p r e s s u r e )  6 . 2 6  . -- 2 . 7 4 ~ 1 0 - ~Fs s i n 0  , 

which is in units of acceleration (F,). It is assumed in these calculations that FS is a constant over 
the 24-hour orbit. For F, = 1.38X10-' ft/sec2. 
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-
(solar pressure on Syncom) 3.78X10-10 ft/sec', when 8, = 90". From Equation 10 inFmax 

Reference E2, the long term longitude acceleration on the 24-hour satellite is given from F by 

where g s  is the radial gravity acceleration (A  0.7355 ft/secz) on Syncom. Thus 

- +127? 
rad/sid. day'xmax(due to solar pressure on Syncom satellites) = 0 . 7 3 5 5 x 3 . 2 6 ~ 1 0 - ' ~= 0 . 0 0 6 0 9 ~ 1 0 - ~  

It is evident that solar radiation pressure has negligible effect on the 24-hour satellite gravity 
experiment. The maximum total longitude excursion due to solar pressure in this conservative 
case accumulates over half a year and is approximately 

1

Mmsx 1 ( 0 . 6 3 7 x 6 . 0 9 ~ 1 0 - ~ )(183) 'xS7.3 = 0,0372" . 

The factor 0.637 is the average of sin 8, for 0 < 0, < T ,  which is the range of 8, over half a year. 

Summary 

The effects of high altitude atmospheric particle drag and solar radiation pressure on the 
24-hour satellite experiment should be entirely negligible. 
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Appendix F 

Average Second Order Resonant Gravity Fields on the 
Geostationary Satellite 

In the near future, many 24-hour equatorial satellites (mainly for communication purposes) 
will be placed and maintained in orbit at selected longitudes around the Equator. It will usually be 
necessary to keep these satellites within a longitude band about 20" wide or  less depending on the 
location of the ground stations and the sophistication of the transmission and tracking equipment. 
Since the J Z 2  gravity field is dominant at 24-hour altitudes, it may be convenient, in predicting the 
trajectory of these nearly "fixed" satellites between orbit corrections, to consider the average J 2  
field on the geostationary satellite over wide longitude arcs.  

Average J 2 2  gravity fields on the geostationary satellite are  most naturally grouped into four 
longitude zones (of about 90" each) surrounding the four equilibrium longitudes (see Figure 9 and 
Section 3). To determine these average fields we first find the average of the peak accelerations 
in Figure 9 (without sign) on either side of these equilibrium longitudes. The average J~~in the 
region between these relative maxima is then determined by solving Equation 2 for J,,  with all 
other gravity coefficients zero, i s  = O", a s  = 6.611 earth radii and 2 ( A  - A2,) = 90". The effective 
A,, in this region is given by the corresponding equilibrium longitude he (see Section 3). The re­
sults of this calculation follow in Table F1 below. 

Table F1  

Average Second Order  Resonant Gravity Fields on the 

Longitude Region 

34"  < A < 1 1 8 "  

118" < A < 2 0 4 "  

2 0 4 "  < A < 300"( -60")  

- 6 0 "  < A < 3 4 "  

Geostationary Satellite*. 

-
-

A2 2 Equilibrium Longitude 
J 2 2  (degrees) (degrees) 

- 1 . 9 3 ~ 1 0-6 - 1 3 . 3  7 6 . 7  

- 1 . 8 7 ~ 1 0 - ~  - 1 8 . 2  1 6 1 . 8  

- 1 . 7 3 ~ 1 0 - ~  - 1 8 . 1  2 5 1 . 9  ( -108 .1 )  

- 1 . 7 9 ~ 1 0-6 -1 2 . 2  - 1 2 . 2  

*Representing the average effects of a geoid without higher order longitude gravity on a 24-hour equatorial satellite [as =6.611earth 
radii) i n  the given longitude region. 
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Appendix G 

List o f  Symbols 

a, as 	 Semimajor axis and synchronous semimajor axis of the orbit of a 24-hour satellite. 
(More specifically, as  is defined in the text and tables of Section 1 as the average 
semimajor axis of the satellite during a drift arc.) 

C,,, Snm The cosine and sine parameters of the n, m gravity harmonic. 

F A gravity force per unit mass acting on a 24-hour satellite. 

Fnm(i 1 	 Inclination factor corresponding to the 24-hour drift caused by the n, m resonant g rav i ty  
harmonic. 

F,, (is, as) A "constant" of the 24-hour drift motion caused by the H,, resonant gravity harmonic, 
a function of the average inclination and semimajor axis in the drift arc. 

Hn m Specifying the n, m earth gravity harmonic. 

i ,  i s  Orbit inclination and synchronous orbit inclination during a 24-hour drift arc. 

J n m ,  A n m  Amplitude and geographic phase of the n, m earth gravity harmonic. 

Ro The mean equatorial radius of the earth (G 6378.2 km). 

s( ) Standard e r ro r  of the bracketed quantity ( ). 

A ,  r ,  4 Geographic longitude, geocentric radius, and geocentric latitude of the 24-hour satellite 
position. 

PLe Earth's Gaussian gravity constant (g 3.986~10~z).km3 
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